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Abstract. The so-called Hitchin-Kobayashi correspondence, proved by Donaldson, Uhlenbeck and 
Yau, establishes that an indecomposable holomorphic vector bundle over a compact Kahler manifold 
admits a Hermitian-Einstein metric if and only if the bundle satisfies the Mumford-Takemoto stability 
condition. In this paper we consider a variant of this correspondence for G-equivariant vector bun¬ 
dles on the product of a compact Kahler manifold X by a flag manifold GjP, where G is a complex 
semisimple Lie group and P is a parabolic subgroup. The modification that we consider is determined 
by a filtration of the vector bundle which is naturally defined by the equivariance of the bundle. The 
study of invariant solutions to the modified Hermitian-Einstein equation over X x G/P leads, via di¬ 
mensional reduction techniques, to gauge-theoretic equations on X. These are equations for hermitian 
metrics on a set of holomorphic bundles on X linked by morphisms, defining what we call a quiver 
bundle for a quiver with relations whose structure is entirely determined by the parabolic subgroup P. 
Similarly, the corresponding stability condition for the invariant filtration over X x G/P gives rise to 
a stability condition for the quiver bundle on X, and hence to a Hitchin-Kobayashi correspondence. 
In the simplest case, when the flag manifold is the complex projective line, one recovers the theory of 
vortices, stable triples and stable chains, as studied by Bradlow, the authors, and others. 


Introduction 


Let M be a compact Kahler manifold and let be a holomorphic vector bundle over M. It is 
well-known that a natural differential equation to consider for a Hermitian metric /i on is the 
Hermitian-Einstein equation, also referred sometimes as the Hermitian-Yang-Mills equation. This 
says that F^, the curvature of the Chern connection of h must satisfy 

^/^AFh = XI, 


were A is the contraction with the Kahler form of M, A is a real number determined by the topology 


and I is the identity endomorphism of F. A theorem of Donaldson, Uhlenbeck and Yau [ D1 


UY|, also known as the Hitchin-Kobayashi correspondence establishes that the existence of such 


metric is equivalent to the stability of F in the sense of Mumford-Takemoto. 

Suppose now that a compact Lie group K acts on M by isometries so that M/K is a smooth 
Kahler manifold and the action on M can be lifted to an action on F. One can then apply dimensional 
reduction techniques to study iT-invariant solutions to the Hermitian-Einstein equation on F and the 
corresponding stability condition to obtain a theory expressed entirely in terms of the orbit space 
M/K. Many important equations in gauge theory arise in this way (cf. e.g. | AH, |FM| , ^ ^). In 
this paper we carry out this programme for the manifold M = X x G/P, where X is a compact 
Kahler manifold, G is a connected simply connected semisimple complex Lie group and P C G is 
a parabolic subgroup, i.e. G/P is a flag manifold. The group G (and hence, its maximal compact 
subgroup K C G) act trivially on X and in the standard way on G/P. The Kahler structure on X 
together with a iT-invariant Kahler structure on G/P define a product Kahler structure on X x G/P. 
In I AGI ] we studied the case in which G/P = P^, the complex projective line, which is obtained as 
the quotient of G = SL(2, C) by the subgroup of lower triangular matrices 


P = 


=(: 0 
=(: =(: 
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generalizing previous work by [pH, G2, BGj. 


Already in the study of the dimensional reduction on A x [ AGl j one realizes that the Hermitian- 
Einstein is not quite the appropriate equation to consider. It turns out that every SL(2, C)-equivariant 
holomorphic vector bundle on X x P^ admits an equivariant holomorphic filtration 


^ : 0 J-Q J-\ 




which, in turn, is in one-to-one correspondence with a chain 




£m—l 


</>l 


£o, 


consisting of holomorphic vector bundles £i on X and morphisms (j)i : £i ^ £i-i- If one considers 
SU(2)-invariant solutions to the Hermitian-Einstein equation on T one obtains certain equations of 
vortex-type for Hermitian metrics on £i. These involve, of course the homomorphims (jii, which in 
this context are referred as Higgs fields. The key point is that these equations naturally have as many 
real parameters as morphisms in the chain. By weighting the Kahler structure on X x P^ one can 
accommodate one parameter but not all, unless the chains are just one step —the so-called triples — 
[ p^ ^Gj j. In the general case the filtration on T has m steps, and a natural equation to consider for 
a metric /i on X is 

\ 

Till 


sf££\kFh = 


\ 


Tmdm/ 

G M, written in blocks correspond- 


where the RHS is a diagonal matrix, with constants tq, ri,..., r, 
ing to the splitting which a hermitian metric h defines in fhe filfrafion X. This equation reduces of 
course fo fhe Hermifian-Einsfein equafion when tq = ri = • • • = = A. In [ AGl ] we proved a 

Hifchin-Kobayashi correspondence relating this equation to a stability criterion for the filtration X 
that depends on the parameters, of which only m are actually independent. 

Coming back to the general situation that we will deal with in this paper, the first thing we do 
to study dimensional reduction on X x G/P is to analyse the structure G-equivariant holomorphic 
vector bundles on X x G/P. As in the case of X x P^, the basic tool we use is the study of the 
holomorphic representations of P. This is simply because G-equivariant bundles on X x G/P are in 
one-to-one correspondence with P-equivariant bundles on X, where the action of P on X is trivial. 
Each fibre of such a bundle is hence a represenfafion of P. This is carried ouf in Secfion [I]. A key facl 
in our sfudy is fhe existence of a quiver wifh relafions {Q, IC) nafurally associafed fo fhe subgroup 
P. A quiver is a pair Q = (Qo, Qi) formed by fwo sefs, where Qo is the sef of vertices and Qi is 
fhe sef of arrows, fogefher wifh fwo maps f, : Qi —> Qo, which fo any arrow a : A —> ^ associate 
fhe tail fa = A of fhe arrow and the head ha = p of the arrow. A relation of the quiver is a formal 
complex linear combination of paths of the quiver. The set of vertices in this case coincides with the 
set of irreducible representations of P. The description of the arrows and relations involves studying 
certain isotopical decompositions related to the n ilrad ical of the Eie algebra of P. Thi s construction 
was initially studied by Bondal and Kapranov in [^] and later by Hille (cf. e.g. [t^]). The quiver 
we obtain is the same as in [BK], but different from [ H12| j, while the relations differ from those of 
the previous authors. This is due to the possibility of defining dijferent quivers wifh relafions whose 
categories of represenfafions are equivalenf (fhe sef of verfices is always fhe same). The quiver and 
relafions fhaf we obfain seem fo be arising more nafurally from fhe poinf of view of dimensional 
reduction (fhaf is, when sfudying fhe relafion befween fhe momenf maps for acfions on fhe spaces of 
unifary connecfions induced by acfions on homogeneous bundles, and the moment maps for actions 
on quiver representations). In Section [I], we also provide examples of quivers and relations associated 
to P, for some parabolic subgroups. 

A representation of a quiver with relation (Q, /C) consists of a collection of complex vector spaces 
V\ indexed by the vertices A G Qo^ and a collection of linear maps fia ■ Vta —> Vha indexed by the 
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arrows a € Qi, satisfying the relations JC. The crucial fact is that holomorphic representations of 
P are in one-to-one correspondence with representations of {Q, 1C) which, in turn, are in one-to-one 
correspondence with holomorphic homogeneous vector bundles onG/P. In Section^ we extend this 
result to G-equivariant bundles on X x G/P. To do this, we first introduce the notion of quiver bundle 
(term due to Alastair King), more precisely (Q, /C)-bundle on X. This is a collection of holomorphic 
vector bundles Ex on X indexed by A G Qo and a collection of homomorphisms 0a : Eta — > Eha 
indexed by o G Qi, that satisfy the relations 1C. One has that there is an equivalence of categories 
between G-equivariant bundles on X x G/P and (Q,/C)-bundles on X. By standard techniques in 
representation theory of complex Lie groups on Frechet spaces of sections of equivariant coherent 
sheaves (with a holomorphic action of the complex Lie group), this equivalence can be extended to 
coherent sheaves. 


It turns out that the parabolicity of P implies that the quiver has no oriented cycles. An important 
consequence of this is that a G-equivariant holomorphic vector bundle admits a natural G-equivariant 
filtration by holomorphic subbundles. This suggests that the natural equation for a Hermitian metric 
to consider is again the deformed Hermitian-Einstein equation, like in the case of X x P^. To 
study this equation and its dimensional reduction we first study in Section || the correspondence 
established in Section ^ by means of Dolbeault operators. We reinterpret in these terms many of 
the ingredients studied in the previous section. In particular, we see that the relations of the quiver 
correspond to the integrability of the Dolbeault operator on the corresponding homogeneous vector 
bundle on G/P. We go on to consider the dimensional reduction of a X-invariant solution of the 
filtered Hermitian-Einstein equation on a G-equivariant vector bundle T over X x G/P. We obtain 
that such solutions are in correspondence with a collection of metrics satisfying a set of vortex-type 
equations on the bundles Ex in the (Q,/C)-bundle defined by T. We also show that the stability of 
P as an equivariant filtration is equivalent to an appropriate stability condition for the (Q, /C)-bundle 
on X. As a corollary we obtain a Hitchin-Kobayashi correspondence for (Q, /C)-bundles. We finish 
this section by observing that the quiver vortex equations that we obtain make actually perfect sense 
for arbitrary quivers with relations (i.e. not necessarily related to a parabolic group). One can indeed 
proof a Hitchin-Kobayasi correspondence in this more general situation — this is a subject of the 
paper [ [4G2| ]. 

In the last section, we use the examples provided in Section to illustrate the general theory 
developed throughtout this paper. We compute explicitly the dimensional reduction of the gauge 
equations and stability conditions. In particular, when G/P is the projective line we recover the 
results of [4G1, |BG|] from our general theory. 


A dimensional reduction problem closely related to the on e treated in this paper has been studied by 
Steven Bradlow, Jim Glazebrook and Eranz Kamber [ BGK j. It would be very interesting to combine 
the two points of view to pursue further research in the subject. 


Acknowledgements. We would like to thank Alastair King for very useful discussions. The research 
of E.A. was partially supported by the Comunidad Autonoma de Madrid (Spain) under a EPI Grant. 
The authors are members of VBAC (Vector Bundles on Algebraic Curves), which is partially sup¬ 
ported by EAGER (EC EP5 Contract no. HPRN-CT-2000-00099) and by EDGE (EC EPS Contract 
no. HPRN-CT-2000-00101). 


1. Homogeneous bundles and quiver representations 

One goal of this paper is to investigate the dimensional reduction of natural gauge equations and 
stability conditions for equivariant vector bundles on the product of a compact Kahler manifold X by 
a flag variefy G/P, where G is a connected semisimple complex Eie group, and P C G is a parabolic 
subgroup. As we shall see, the process of dimensional reduction leads to new objects defined on X, 
called quiver bundles, which we shall define in §^, where we shall also prove that there is a one-to-one 
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relation between equivariant vector bundles on X x G/P and quiver bundles on X. Preparing and 
leading up to this correspondence, this section is concerned with the case where X is a single point. 
This section is organised as follows. After introducing notation and some preliminaries in §§ [0] and 


1.2|, in §|1^ we define the quiver with relations associated to any complex Lie group. In §|1.4| we 


prove the equivalence between the category of holomorphic homogeneous vector bundles on the flag 
variety G/P and fhe cafegory of represenfafions of fhe quiver wifh relafions associated fo P. Then, 
in §1^ we prove fhaf fhe quiver associafed fo a parabolic subgroup P C G has no oriented cycles, 
and as a resulf, fhe holomorphic homogeneous vector bundles on G/P admif cerfain fillralions by 
homogeneous subbundles. 


1.1. Preliminaries and notation. Througouf this paper, G is a connected simply connected complex 

semisimple Lie group, P is a parabolic subgroup of G, and X is a compact Kahler manifold. Given 
a complex manifold M with a holomorphic action of G, a G-equivariant holomophic vector bundle 
on M is a holomophic vector bundle vr : X —> M on M, together with a holomorphic G-action 
p ; G X X —> X on its total space X which commutes with tt, and such that for all (p,p) G G x M, 
the map pg^p : Xp ^ ^g-v^ ^g-v = ^”^(5 ' P)* induced by this action, is an 

isomorphism of vector spaces. In this paper we are concerned with the G-equivariant holomorphic 
vector bundles on the G-manifold M = X x G/P. The group G acts on X x G/P by the trivial 
action on X and the (left) standard action on the flag variety G/P. 

1.1.1. Induction and reduction. It is a standard result that there is a one-to-one correspondence 
between the isomorphism classes of G-equivariant holomophic vector bundles on X x G/P and 
the isomorphism classes of P-equivariant holomorphic vector bundles on X, where P acts trivially 
on X. The correspondence is defined as follows. A G-equivariant holomophic vector bundle X on 
X X G/P defines a P-equivariant holomorphic vector bundle PX on X by restriction to the slice 
i: X = XxP/P^XxG/P. Conversely, a P-equivariant holomorphic vector bundle S on 
X defines by induction a G-equivariant holomophic vector bundle G Xp S on X x G/P. This 
holomorphic vector bundle is by definition the quotient of G x P by the action of P, defined by 
p ■ {g,e) = {gp~^, p • e) for p G P and {g, e) € G x £. The bundle projection is 

GxpS ^X xG/P, [g,e]^{x,gP) 

for e £ Ex,x £ X. The vector bundle G Xp E ^ X x G/P has an equivariant action of G given by 

G X {G xp£) ^ G xp£, {g/ [g,e]) ^ yg,e]. 

This construction defines equivalence functors between the categories of G-equivariant holomophic 
vector bundle on X x G/P and P-equivariant holomorphic vector bundles on X. 

1.1.2. Homogeneous vector bundles. A holomorphic homogeneous vector bundle on G/P is a G- 
equivariant holomorphic vector bundle on G/P. If we take X to be a point in the previous corre¬ 
spondence, we get an equivalence between the category of holomorphic homogeneous vector bun¬ 
dles on G/P and the category of holomorphic representations of P. Now, X x G/P is a ‘fam¬ 
ily’ of flag varieties {x} x G/P = G/P, parametrised by the points x £ X. Let X be a G- 
equivariant holomophic vector bundle on X x G/P, and £ = i*E the corresponding holomorphic 
P-equivariant vector bundle on X. Given x £ X, the restriction Xr := z*X of X to the flag variety 
ix ■ G/P = {x} X G/P X X G/P is a holomorphic homogeneous vector bundle on G/P. 
So X is also a ‘family’ of holomorphic homogeneous vector bundles X^ on G/P. The holomorphic 
homogeneous vector bundle Xr is in correspondence with the holomorphic representation £x of P. 


1.1.3. Irreducible representations of P. It is apparent from the constructions above that a detailed 
study of the holomorphic representations of P is important in classifying the G-equivariant holo¬ 
mophic vector bundles on X x G/P. To study the holomorphic representations of P, it is convenient 
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to start with the irreducible ones. Throughout this paper, U is the unipotent radical of P, and L is a 
(reductive) Levi subgroup of P, so there is a semidirect decomposition P = U v. L, coming from a 
short exact sequence 

1 -> U -> P -> L -> 1. 

It is an immediate consequence of Engels theorem that a holomorphic representation 1/ of P is 
irreducible if and only if the action of (7 on 1 / is trivial and V is irreducible when considered as a 
holomorphic representation of L. Therefore there is a one-to-one correspondence between irreducible 
representations of P and irreducible representations of its Levi subgroup L. 


1.1.4. Notation. Throughout this paper, ff is a Cartan subgroup of G such that H G L, and p, u, 1, f) 
are the Lie algebras of P,U,L, H, respectively. The lattice of integral weights of H, which parametrises 
the (isomorphism classes of) irreducible representations of H, is denoted Ac ()*. We fix a funda¬ 
mental chamber Ap in A for the reductive Lie group L, so its elements are called integral dominant 
weights of P. The fundamental chamber parametrises the (isomorphism classes of) irreducible repre¬ 
sentations of L (or P, cf. ^1.1.3 ). (The fundamental chambe r Ap only depends on P, since any two 
Levi subgroups are conjugate, by Malcev’s theorem, cf. e.g. [ pVj ].) Thus, given an integral dominant 
weight for P, A G Ap, we fix an irreducible representation Mx of P (or L) (cf. § |1.1.3D , with highest 
weight A. 

A holomorphic representation p : P ^ GL{V) of P on P restricts to holomorphic representations 
a ■.= p\l : L ^ GL{V), t := p\u ■■ U ^ GL{V) of L and U onV. Let a : L ^ GL{V) and 
T : U ^ GL{V) be holomorphic representations of L and U on a vector space V. To determine 
when there exists a holomorphic representation p of P whose restrictions to L and P are a and r, it 
is convenient to use the r epresentati on theory of quivers. Good references for details on quivers and 
their representations are [ ARS , |GR ]. 


1.1.5. Representations of quivers. A quiver, or directed graph, is a pair of sets Q = {Qo,Qi) 
together with two maps /i, f : Qi — > Qq. The elements of Qq (resp. Qi) are called the vertices (resp. 
arrows) of the quiver. Lor each arrow a G Qi, the vertex ta (resp. ha) is called the tail (resp. head) 
of the arrow a, and the arrow a is sometimes represented by a : v v', with v = ta,v' = ha. We 
will not require Qq to be finite, but will require Q to be locally finite, i.e. h~^ {v), (v) should be 

finite, for u G Qo- A (non-trivial) path in Q is a sequence p = oq • • • of arrows a* G Qi which 
compose, i.e. with toj-i = hai for 1 < f < m: 

( 1 . 1 ) p : •—> • —> • • • —> • 

The vertices tp := tam and hp := haQ are called the tail and the head of the path p. The trivial 
path e„ at u G Qo consists of the vertex v with no arrows. A (complex) relation of a quiver Q is a 
formal finite sum r = cipi -|- • • • -h cipi of paths pi,... ,pi with coefficients Cj G C. A quiver with 
relations is a pair {Q, JC), where Q is a quiver and /C is a set of relations of Q. A linear representation 
R = (V, ip) of Q is given by a collection V of complex vector spaces 14, for each vertex v G Qo^ 
together with a collection ip of linear maps pa ■ Vta —> f4a^ for each arrow a G Qi. We also require 
that 14 = 0 for all but finitely many v. A morphism f : R ^ R' between two representations 
R = {V, p) and R! = {V', p') is given by morphisms /i, : 14 ^ ^4^ f^^" ^ Qo> such that 

p'^ o fta = fha ° Pa for all a G Qi- Given a quiver representation R = {V, p), a (non-trivial) path 
( PT| ) induces a linear map 

pip) ■=PaQ0---0 Pa^ : ^ 

The linear map induced by the trivial path e^, at u G Qo is <p(e^) = id : 14 ^ 14- A linear 
representation R = (y, p) of Q is said to satisfy the relation r = CiPi if Yi CiP{Pi) = 0. Given 
a set JC of relations of Q, a (Q,/C)-module is a linear representation of Q satisfying the relations in 
JC. The category of (Q,/C)-modules is clearly abelian. 
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1.2. The twisted nilradical representations. This subsection provides the key technical point of 
the understanding of representations of a complex Lie group P as quiver representations. The basic 
ingredients are vector spaces and linear maps for integral dominant 

weights of P. 

As a motivation for the definitions below, note that, if y is a P-module, with action of its Lie 
algebra p given by p : p ^ Aut(y), then the action of L is specified by the decomposition of V, 
as an L-module, into isotopical components (since L is reductive), and the rest of the P-action is 
determined by a linear map r = p|u : u ^ End(y). If cr : 1 —> End(L) is the representation of 1 
induced by p, it is clear that r satisfies the following commutation relation t([/, e]) = [o'(/), r(e)] 
for / e [ and e e u; and r([e, e']) = [r(e), r(e')] for e, e' e u. The former condition means that r is 
L-equivariant, and motivates the definition of the linear spaces while the latter is more delicate, 
and motivates the definition of the linear spaces and the linear maps 


1.2.1. Isotopical decompositions. Consider the nilradical u C p as a representation of L. Decom¬ 
pose the L-modules obtained by twisting the exterior powers of the dual nilradical representation 
with the irreducible P-modules, u* ® M^, A^u* 0 M^, for p G Ap, into irreducible components, as 
a representation of L: 

u* 0 = 0 A^x ® Mx, A^x := (u* 0 Hom(MA, 

AeA+ 

® = 0 ® Mx, B^x ■■= (A^U* ® Hom(MA, 

aga+ 


A^U* (g) Hom(MA, M^) 
a' A a 


1.2.2. Linear maps, (a) For any A, p, u G Ap, define the linear map 

V'mi/A : (u* <8)Hom(M^,Mi.)) (g) (u* (8)Hom(M,^,MA)) - ^ 

a' (g) a I- 

(b) For any A, /r G Ap, define the linear map 

■ tt* ® Hom(MA, M^) —> A^U* (g) Hom(MA, M^) 
by sending a G u* — (g) Hom(MA, M^) into the Hom(MA, M^)-valued 2-form on u given by 

i^^lx{a){e,e) = -a([e,e']) for e,e G u. 

By the exterior product a'Aa of part (a), of course we mean = a'Aa= {s' As)^{f'of) 
for a = s ® /, a' = s' (g) /', with s, s' G u* and / G Hom(MA, Mu), f £ Hom(M,y, M^). 

The following lemma is straightforward. We shall need it in the definition § 1.3.2 of the relations 
/C associated to the complex Lie group P. 

Lemma 1.2. If X, £ A^, then f^uxiA^u ® A^x) C P/^A and V'ma(^ma) C P^a- 


1.3. Quiver and relations associated to the Lie group P. 

1.3.1. Quiver. Given X,p£ Ap, let {a[,A|f = 1,..., w^a} be a basis of A^a^ with n^A := dim A^a- 
The quiver Q associated to P has as vertex set, Qq = Ap, i.e. the set of irreducible representations 

of P, and as arrow set Qi = {a^*^|A,/r G Qo, 1 < i < n^A}> the set of all basis elements of the 
vector spaces A^a- The tail and head maps t,h : Qi ^ Qq are defined by 
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1.3.2. Relations. Let Q = (Qq, Qi) be as above. Let < p < be a basis of with 

m^x ■= dimB^x, for X, p e Qq. Expand ip^.iyxia^/lu ® a^^l) e -B^a and V’MA(a^A) £ in this 
basis (cf. Lemma 1.2), for A, /r, u G Qq- 


(1.3) 


m^X m^x 

® «S) = E i’MX) = E *’■ 


p=i 


p=i 


The of relations of the quiver Q associated to P is /C = {c^a^|A, p G Qoj 1 < P < rn^A}> where 


Jp) _ 

' — 


^vX ^1^’' 


n^X 


V W AXhp) (j) (i) , (k,p) (k) 

i^sQo *=i i=i 


k=l 


Note that in this definition a[f2fl[,A not mean the composition of G u* (8) Hom(MA,Mj^) 
with G u* (8) Hom(M,y, Mx), but the path that these two arrows define. 


(i) 


1.4. Correspondence between group and quiver representations. 

Theorem 1.4. Let Q and JC be the quiver and the set of relations associated to the group P. There is 
an equivalence of categories 


finite dimensional 
holomorphic representations 
of the Lie group P 


finite dimensional 
representations of the quiver Q 
satisfying the relations JC 


This equivalence was first proved by Bondal and Kapranov |BK| when P is a Borel subgroup or 
the simple components of G are in the series A, D, E. They were actually only interested in homo¬ 
geneous bundles over projective spaces, so these cases were enough for their purposes. Bondal and 
Kapranov also gave a very simple and explicit description of t he qu ive r and the relations in these 
cases (we collect their results about the quivers in Propositions 1.21 and 1.23 ). Unfortunately, their 
theorem is not always true with the simple definition of the relations given in [ BK ] , as shown by a 
counterexample found by Hille [ |H12 |. Our definition of the quiver is precisely as in |BK|, but the re¬ 
lations have been appropriately corrected. Hille also defined a quiver with relation s for any parabolic 
subgroup, and proved the corresponding theorem of equivalence of categories in [t^]. Hille uses a 
different definition of the quiver associated to P, obtained by removing certain arrows from the quiver 
in 1^] (although they coincide when U is abelian so the relations are quadratic). As mentioned in 
the introduction, the quiver and relations that we obtain seem to arise more naturally from the point 
of view of dimensional reduction (cf. Theorem ra - 


Proof To prove the theorem, we shall define an equivalence functor from the category of repre¬ 
sentations of P into the category of (Q,/C)-modules. Given a representation p : P ^ Aut(U) 
of P on a (finite-dimensional) complex vector space V, we obtain by restriction a representation 
a = p\l ■ L —>■ Aut(U) of P C P on U. Since L is reductive, a decomposes into a direct sum 

(1.5) U = 0 ® Ma, Ua = Homi(MA, U). 

AgQo 

The vector spaees Vx are the multiplicity spaces, and have trivial L-aetion. Let us fix a representation 
a : L ^ Aut(U) of P on U as in ( |L5| ). We consider the set Repp(cr) of (isomorphism classes of) 
representations p : P ^ Aut(U) of P on U whose restriction to P is p\l = a. Apart from P, the 
rest of the P-module structure of V is given by the action r = p\u : U —> GL{V) of U on V. Now, 
for the unipotent complex Lie group U, the map exp : u —> P is a P-equivariant isomorphism (of 
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algebraic varieties, cf. e.g. [3V, §3.3.6°, Theorem 7]), and for any element u = expe of U, with 
e G u, r(e) is a nilpotent operator, so its exponential is a finite sum 


(1.6) 


1 


t{u) = exp(r(e)) = ^ TyT(e)*, 


hence a polynomial in u. (We use the same symbol r for the representation dr : u End(y) of 
the Lie algebra u of U.) The conditions for a linear map r : u —> End(E) to define a representation 
p G Repp(cT) consist of two kinds of commutation relations: 

(CRl) r([/, e]) = [(t(/), r(e)] for / G 1 and e G u; 

(CR2) r([e, e']) = [r(e), r(e')] for e, e' G u. 

If we consider u as an L-module, and End(E) as the L-module obtained from the isotopical 
decomposition ( |1.5| ), then condition (CRl) simply means that r : u —> End(E) is a morphism of 
L-modules. In other words, (CRl) is satisfied if and only if r belongs to the L-invariant part of 
the L-module 

lEi = u*®End(E). 

(The subindex ‘1’ accounts for condition (CRl).) The isotopical decomposition § |1.2.1| applies to give 

lEi^ 0 A,A 0 Hom( 14 ,E/.)®Hom(M„M^), 

AppGQo 

while Schur’s lemma implies 

Wt= 0 A^A®Hom(EA,E/.). 

A,/tGQo 

Let V be a collection of linear spaces Vx, for each X E Qq. There is a linear isomorphism between 
Wi and the space of quiver representations into V, 

^{Q,V) = 0 }iom{Vta,Vha), 

a€Qi 

i.e. the space of representations R = {V, ip) with fixed V. This isomorphism takes any 
(1-7) 0 ^^AOHom(14,V;.), 

A,/tEQo ^=1 A,/iGQo 


into the representation R = {V,ip) given by the morphisms pa = : (4 —> for a = 

Next we consider how condition (CR2) translates into V). Define the L-module 

W 2 := A^U* ® End{V) 

(the subindex ‘2’ accounts for condition (CR2)) and the (non-linear) map 

^:Wi — >W2 
by 

'0(r)(e,e') = [T(e),r(e')] - T([e,e']), for r G Wi, e,e' G u. 

Then r satisfies condition (CR2) if and only if = 0, so the space of representations po^ P with 
p\i = u is Repp(iT) = "(/^“^(O) n W^', note that this is contained in V). In order 

to express this condition in terms of the relations we rewrite i/) using the following linear maps 
, '02- The first linear map is 


(») 


ijji : Wi® Wi 


W 2 
P At 





DIMENSIONAL REDUCTION AND QUIVER BUNDLES 


9 


where by the exterior product r' A r, we mean (8) r) = r' A r = (s' A s) (8 (/' o /) for 

T = s ® f, t' = s' ® f, with s, s' G u* and /, /' G End(y) (this map shoud be compared with 
1.2.2K a)). The second linear map 

^2-Wi^ W2, 

is given by 

V’ 2 (T)(e, e') = -r([e, e']), for r G hEi, e, e' G u* 

(compare with |l.2.2| (b)). Obviously 

(1.8) V>(r) ='0 i(t <8> r) + i/i2(T), forrGlEi. 

Note that 

= (A V ® End(y))^ ^ 0 S^A®Hom(EA,^M). 

A,/i£Qo 

When r G VE/^ is given by ([P^ , linearity of i/)i, V ’2 allows one to obtain iP(t): 

V’i(t (g) r) = ® ® ® )) 


^fi^Qo i=l j=l 
rii^x 


(1.9) 


X,u,ii&Qo *=i i=i 


E E*’ 




EEE 




A,//EQo p— t 


I i^eQo *=i i=i 


and 


( 1 . 10 ) 




V’2(r)= ^ 

A,/iG(5o 

= Z] Y I > 

\fc=i 


m^X 

E 

A,/j.€Qo P —1 


dp) 


^i/A 




A,/iG(5o ^1 

so that (0, ([r|) and ( p^ imply 

m-f^X 

(1.11) ^/>(r) = ^ ^6^;, 

a,mcQo p=i 

This equation gives the relations of the quiver Q which realise condition (CR2). 
It is worth remarking that the inclusion A^u* C u* (g) u* gives 


EEE + E 4‘/V£' 

uGQo i=l j=l 


k=l 


□ 


C (M^ ® u* ® u* ® MC)^ ^ I 0 0 M, ® 0 ® M; 

^i'GQo i^^GQo 


A^y®Ay\. 

J^SQo 


Therefore, given A, ^ G Qo, a necessary condition for / 0 is that there exists a u G Qo with 
A^j^i, (g) Ayx / 0, i.e. there must be a path A —> u ^ /r in the quiver Q. 


Remark 1.12. The quiver with relations (Q, /C), as defined in § pT3| , can be associated to any algebraic 
group P (not necessarily a parabolic subgroup) over any algebraically closed field of characferisfic 
zero. Acfually, any such P admits a semidirect decomposition P = [7 k L, as in § |1.1.3| , where U is 
the unipotent radical of P, and L is any (reductive) Levi subgroup P (a proof of the existence of L 
can be found e.g. in |OV, Chapter 6]). Of course, Theorem |1 .4| generalises to any such P as well, so 











10 


LUIS ALVAREZ-CONSUL AND OSCAR GARCfA-^PRADA 


that the category of representations of (Q, /C) is equivalent to the category of rational representations 
of P. 


As a result of §1.1.2 and Theorem |1.4|, it follows that: 


Corollary 1.13. Let G be a connected complex Lie group and P <Z G a parabolic subgroup. Let Q 
and 1C be the quiver and the set of relations associated to P. There is an equivalence of categories 


( holomorphic homogeneous 
I vector bundles on G/P 


finite dimensional 
representations of the quiver Q 
satisfying the relations in /C 


1.5. Holomorphic filtrations of homogeneous bundles. Let Q be the quiver associated to P. This 
quiver has no oriented cycles, i.e. there are no paths of length > 0 in Q whose tail and hea d coi ncide. 
To prove this, we first introduce the notion of E-height, adapting [^, §10.1] (see also [ 2SS ]). An 
essential ingredient will be that P is a parabolic subgroup of G. We should mention that Hille | H12 ] 
has defined a function similar to our S-height, that he calls a level funtion, for the quivers that he 
associates to the parabolic subgroups. 


1.5.1. Notation. Choose a system S of simple roots of g with respect to f), such that all the negative 
roots of g with respect to i) are roots of p. Let S be the set of non-parabolic simple roots, i.e. it 
consists of those simple roots of g which are not roots of p (in terms of 1 , this means that 5 \ S is a 
system of simple roots of 1, while the roots in E are not roots of 1). Given a P-module V, let A(l/) 
be its set of weights with respect to f), so 

(1.14) C= 0 

AGA(y) 

where := {u e V\h ■ v = X{h)v for /i e f)} for A e A, and A(C) := {A G A|l/^ / 0}. 

1.5.2. E-height. Any integral weight ^ G A admits a decomposition p = X]aG<s with Uq, G Q. 
We define the Ti-height of p as the rational number 

hts(/u) = ^ ria. 

aeS 

Lemma 1.15. If the quiver Q has an arrow A —> /r, then hts(A) > hts(/r). Therefore, the quiver Q 
is directed. 

Proof. If the irreducible P-modules M^, u* have weight space decompositions 

0 MU', Ml= 0 u*- 0 g-^ 

PGA(Mf,) X'eA(Mx) 76A{U) 

(see ( |L14| ) above), then H C L implies 

= (A4 ® U* ® M;)^ C (M^ ® u* ® Mlf ^ 0 M/^' ® ® (M^*)”^', 

(M',A')eA{M^,MA) 

where A(M^, Mx) is the set of pairs (//', A'), with p' G A(M^), A' G A{Mx) such that p' — € 
A(u). If A^x / 0, there are 7 G A(u),A' G A{Mx),p' G A(M^) with p' — X' = 7 . But 
hts(A') = hts(A),hts(/rO = hts(fi), so hts(/r) - hts(A) = hts(/r - A) = hts( 7 ) <0- ^ 
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1.5.3. A total order in Qq. By Lemma |1. 15| , defining A > /uifhts(A) > hts(Ai), for each A, ^ G Qo 
provides a partial order in Qo- We now enlarge this partial order to get a total order in Qo- For each 
q G Q with ht^^(q) ^ 0, we choose a total order (<)g on ht^^{q), and define a total order in Qo by 
saying that /x < A, for each A, /U G Qo, if either hts(/u) < hts(A), or A, /U G ht^{q) for some g G Q 
and Thus, if there is an arrow A —> /x, then A > /x. 


Proposition 1.16. Let V be a P-module with isotopical decomposition, as an L-module, 
(1-17) y= 0 Fa®Ma, yx = HomL(MA,y), 

AeQo(U) 


where Qo{V) C Qo is a finite set. Let us list the set of vertices in Qo{V) in ascending order as 
Qo(17) = {Ao, Ai,..., Am}, Ao < Ai < - - - < Am- Then V admits a flag of P-submodules with 
completely reducible quotients: 

V(<.) : 0 C y(< 0 ) c F(< 1 ) C - - - C y(<m) = -F 

%s)/%.-i) = Fa,®Ma, 


(In fact, one can prove that if V is indecomposable as a P-module, then hts(As) — hts(As_i) is 
one or zero for all 1 < s < m.) 


Proof From the proof of Theorem |l.4i we see that the L-module structure of V is given by an 
isotopical decomposition, as an L-module, V = 0^o ® > where Va^ 0 for 0 < s < m, 

while the u-structure is given by an L-invariant morphism 


r = 


E 

0 <s,s'<m 


E 

2=1 




(i) 


of VF = u* (8) End(F). Define the flag V(<,) of vector spaces as in ( 1.18| ), where V(<s) = 
Va^, (8 ) . This is obviously a flag of L-modules. To prove that it is a flag of P-modules as 

in Q.18| ), it is enough to see that u takes into V(< 5 _i), for 1 < s < m. Let e G u. The action 
of e on 1/ is given by r(e) G End(F), where 




0 <s,s'<m 2=1 


with a^xlx„{e) G Hom(MA^,, M^J for 0 < s, s' 
s' < s, so that r(e) takes 14 ^ <S> into ©^'<5 


< m. By part (c) of Lemma |1.15| , this is zero unless 
Fa., ©Ma.,. □ 


1.5.4. Notation. Given an irreducible representation Mx of P, corresponding to an integral dominant 
weight A G Ap, Ox := Gx pMx is the induced irreducible holomorphic homogeneous vector bundle 
on G/P. 

Corollary 1.19. Any holomorphic homogeneous vector bundle T on G/P admits a filtration of holo¬ 
morphic homogeneous vector subbundles L*, with completely reducible quotients with respect to the 
G-action, 

T : Q ^ pQ ^ Pi ^ ^ Pra = P-, 

Ps/J^s-1 = Fa, © Oa., 1 < s < m, 

for some dominant integral weights Xg with Aq < Ai < - - - < Am, where Vas vector spaces 
determined by P. 
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Proof. This result follows from § |1.1.2| and Proposition 1.16 . First, IF = G XpV, where Vo = Fo, 
the fibre at the base point o = PgG/P, is a representation of P. Then V admits the isotopical 
decomposition ( |07| ) and the flag of P-submodules (1.18). Let^^ = GxpV(<s) be the homogeneous 
holomorphic vector subbundle of F induced by for 0 < s < m. Then = 

V,. ®aI., impl.es 8 0,.. 


1.6. Examples. In this subsection we shall present explicit expressions for the quiver and the rela¬ 
tions corresponding to some flag varieties. We would like to remark that the problem of classification 
of the quivers with relations associated to all parabolic subgroups is a subtle one. At present a com¬ 
plete classification is not known, and it would require a deep study which is out of the scope of this 
paper. To obtain the quiver one only has to evaluate dimension formulas for the vector spaces A^x. 


However, to obtain the relations, as given in §1.3, is more difficult, since one has to choose bases of 
the vector spaces and and express the linear maps 'fiiuX in these bases, as in §1.3.2. 


1.6.1. Quiver and relations for Borel subgroups. Let us assume that B = Pisa Borel subgroup of 
G. The set of integral dominant weights of B is precisely the weight lattice A = of integral 


weights (cf. § |1 .1 .4j) , for the Cartan subgroup H is a Levi subgroup of B. Let A be the set of roots 


of (q, [)), and for a G A, let q“ be the root subspace of q corresponding to a. We choose the sets 
A_|_, A_ C A of positive and negative roots, so that the Lie algebra of H is b = f) © ©agA_0“- 
For each a G A, let G q“ be the corresponding Chevalley generator (see e.g. pu| , §25.21]). 
Let G Z, for a,f 3 ^ /S., be the coefficients defined by the condition [60,6/3] = NapOa+p if 
a + /3 G A, and N^p = 0 if a; + /? ^ A. 

Proposition 1.21. The quiver with relations (Q, JC) associated to B is given as follows. 

(1) The vertex set Qq is the weight lattice A = 

i'y) 

( 2 ) The arrow set Q\ consists of the arrows : A —> /r,/or A, // G A, with 7 = /r — A G A_. 

(3) The set K, consists of the relations ^ — cl'J^iCl'Jx ~ \for X, p € A. 

and 7,7' G A_, with 7 + 7' = /r — A and 7 / 7', where o := A + 7 and o' := A + 7'. 


(P) I'y) (y) (y') (t'-I-'yM (y y') 

(The term afu ajf (resp. Ny,y'a^x ) i^ ignored in the definition of , whenever 

('yM (y) (y) (y'i (y+y') 

the basis vectors afy or ajf (resp. or a//; ) do not make sense.) 


Proof. Part (1) is obvious. The nilpotent radical of b is u = ©^gA^S-y. with basis {e.y\'p G A_}. 
Let { 6'>'|7 G A_} be its dual basis. Since the Levi subgroup H C B is abelian, its irreducible 
representations Mx, for A G A, are one dimensional. Let vx be a basis vector of Mx, and G Mf 


be its dual basis vector. Let A^a = (u* ® Hom(MA, M^f))^, for A, /x G A, as in § 1.2.1 . The weight 
of with respect to i) is — 7 . Thus, if p — X ^ A_, then A^a = 0, while if 7 := /x — A G A_, then 
A^a is one dimensional, with basis vector 


•= v^. 

2, 


This proves part (2). To get part (3), let B^x = (A^u* © Hom(MA, M^))^, as in § |L2.L Let < 


be a total order for the set A_. A basis of A^u* is {e^ A [ 7 , 7 ' G A _,7 < 7 '}. The weight 
of 6 ^ A with respect to 1) is —7 — 7 '. Thus, if p — X 7 + 7 ' for any 7 , 7 ' G A_, then 

^/iA = 0, while if p — X = 7 + 7 ' for some 7 , 7 ' G A_ with 7 < 7 ', then a basis of B^x is 

^ It, 7 ' e A _,7 < 7 ', 7 + 7 ' = /X - A}, where 
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To express V'/xi/A and in the bases and ^}, let A, /U G A be such that ^ 0 . Hence, 

there are 7,7' G A_, with 7 < 7', /r — A = 7 + 7'. Let u = A + 7, u' = A + 7'. Then 


(Ai) n^i)\ — lL.tO j, (Ai) ^ „(7')\ _ _l(7.7') 
) — 0 ^^ , w iiu’ \[0' ® 0 ,^,^ ) — 0 ^^ 


fj.X 




fiX 


Let A, // G A with A^a / 0. Then 'S> ^ v^, where (/> := /i — A G A_, so 


( 1 . 22 ) 


i^/ixia 


(<A)^ 


^A)(eoe,/) = 




for e, e' G A_, 


(A.- is Kronecker’s delta). If 7,7' G A_, with 7 < 7', are such that /U — A = 7 + 7', then 


\e^, e^i) = —N^^id]6^, ® v^. Comparing this with (1.22), we see that 


V’/.A(aJ,A 


) 


E ^ 77 '^S"'^ 

(7,7')gA^A 


where A^a := G A_, 7 + 7 = — < 7'}. It follows from § 1.3.2 that the relations 

^ in /C are as given in part (3), for A, /U G A and (7,7') G A^a- For 7 > 7^ we get the negative 

of these ^ \ since So the relations corresponding to 7 > 7' do not 

provide more constraints on the representations. This proves part (3). □ 

The previous proposition has also been proved in [ ]BK[ ]. Since different authors describe generally 
the quiver with relations in different ways, we include a proof based on our definitions. 


1.6.2. Homogeneous bundles on products of complex projective lines. The product of N complex 
projective lines can be written as a quotient (P^)^ = G/P of groups 


N N 

G = Ga, P = -Fq,, where Ga = SL{2, C), and Pa 

a=l a=l 


CGa. 


Since P C G is a Borel subgroup, its associated quiver with relations {Q, JC) is given by Proposition 

1 < A; < A, where {Li,..., Ljm} is the dual of the standard basis of 1) = C^. Thus, the arrow set is 
Qi = I A G 1 < f < A}, with : A —> A — 2Lj. For any arrow : A —> ^ = A — 2Lj, 
we have — Yl^=i ~ 2- Thus, the quiver decomposes into two full subquivers for 

h = 0,1, whose vertices A satisfy Xi = h mod 2. For the example G/P = P^ x P^, the 
picture of any connected component is given in Fig. 1 below. Since u is abelian, the coefficients 
in Proposition |L21| (3), are zero. Thus, the relations of P are parametrised by a vertex A 
and a basis vector of A^C^. They are given by 


1.21. Hence, the vertex set is Qo = . We easily see that the roots of u are 7 ^ = —2Lk, for 


JiX) 

'x 


= a 


U) 

X-2Li 


Ad 


— a 


(i) 

X-2Lj 


a 


U) 

X ’ 


for 1 < f < j < A. 
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Summarizing, the category of G-equivariant holomorphic vector bundles on G/P = (P^)^ is equiv¬ 
alent to the category of commutative diagrams on the quiver Q. 


































a(21 

















Fig. 1: G/P = pi X pi. 



1.6.3. Quiver for the series A, D, E and complex projective plane. 


Proposition 1.23. Let A(u) be the set of weights ofll with respect to [), Q be the quiver associated 
to P, and X, p € Qq. If all the simple components of G are in one of the series A,D,E, then the 
number of arrows from X to p is 


f 1 a p — X £ A(u); 

I 0 otherwise. 


Proof The proof is as in |BK, Proposition 2], where an isotopical decomposition of u (8) as an 


L-module, is obtained by applying Weyl’s character formula, and the fact that, for the series A, D, E, 
the off-diagonal elements of the Cartan matrix are equal to 0 or —1. We only have to adapt the proof 


to get an isotopical decomposition of u* (8) Mn instead. 


□ 


As an example, in the rest of § 1.6.3, we apply Proposition 1.23 to describe the quiver corresponding 
to the complex projective plane P^, slightly modifying the treatment in |BK]. Let U = U' ® U" 
be a 3-dimensional vector space, where U' is 2-dimensional and U" is 1-dimensional. Thus, P^ = 
P(t/) = G/P, where G is SL{3, C) = SL{U) and P is its parabolic subgroup 


P = 



of block lower triangular matrices, i.e. automorphisms preserving U' CU. A Levi subgroup L is the 
subgroup of determinant one matrices in GL{U') x GL{U"). Let {ui,U2,u^} be a basis of U, with 
ui,U 2 £ U', and us £ U". Let {Ei^fl < i,j < 3} be the basis of End U given by Eij ■ Uk = Sj^Ui. 
Let C Endf/ be the subspace with basis vectors := Ei^i, and let L*i,L* 2 ,L *3 be its dual 
basis. The subspace f) C fl* of traceless vectors -f C 2 Tf *2 + i.e. with ci -f C 2 -f C 3 = 0, 

is a Cartan subalgebra of 0 , with dual = fl*/t), where t) = C • (L*i -|- L *2 + ^* 3 ). Let Li be the 
image of under the projection Then 

p = u K 1 , where u = CEi © CE2, 1 = fl © CEi^2 ® CE2p, with Ei := E2 := ^3^2- 

The sets of roots of 0, 1 and u are A = {ajjjO < i / j < 3}, A([) = {01,2, 02,1}, A(u) = {71,72}, 
resp., with = Lj — Lj , 7^ = 03,fc- We choose a* := for i = 1, 2, as simple roots of (0, P)), 

so S = {02} (cf. § |1.5.1 ). The fundamental weights of 0 (resp. 1) are = Li, Xa^ = Li -\- L2, 
(resp. Aqj = Li). Thus, Ap is the set of weights A G P)* which are integral for 0 and dominant 
for I, i.e. A = hXai + ^2^02, with li,l2 £ and (1 > 0. Expressing them in the basis {Li,L2}, 
A = AiLi + X2L2 with Ai = (1 + I2, X2 = h, so the condition (1 > 0 is equivalent to Ai > A2. To 
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get a nice picture of this quiver, we use the vectors ei = —\Li — I-L2, 62 = — — 5-^2 as the 

standard basis of f)*, so Li = (1, —2), L2 = (—2,1). Let A be the lattice generated by Li, L2. Any 
A = AiLi + X2L2 can be written as A = xiei + X2e2, with xi = Ai — 2A2, X2 = —2Ai + A2. The 
condition Ai > A2 is equivalent to xi > X2, for xi — X2 = 3(Ai — A2). So the vertex set is 

Qo = {{xi,X2) e A|xi > X 2 }. 


To get the arrows, we see that L 3 = —Li — L 2 , so 71 = L 3 — Li = —2Li — L 2 = 3 e 2 , 72 = 


L 3 — L 2 = —Li — 2 L 2 = 3ei. Applying Proposition 1.23, the arrows are 


,(i) 


: X = {xi,X2) ixi,X2 + 3 ), 


,( 2 ) 


: X = (xi,X 2 ) ^ (xi + 3 ,X 2 ), 


where x G Qo- Given an arrow Qx ■ {xi,X2) —> {yi,y2), with i = 1,2, we see that yi + y2 = 
xi + X2 + 3 ; thus, the quiver decomposes into three connected components, say Q^'^\ 

with = {(xi,X2) G Qo\xi + X2 = —h mod 3 }. The picture of any connected component 
is given in Fig. 2 above. Although we shall not obtain the relations associated to P, we can easily 
prove that they are quadratic. In fact, u is an abelian algebra, for [Ei,Ej\ = 0, so the linear maps 
of §1-2.2 are zero. Now, when the relations are quadratic, our definition of the quiver and the 
relations associated to P coincide with those given by Hille, who has worked out explicitly the case 

re = 2 (cf. [ HllUHBp ), showing that the relations are Vx = ~ ^ ^ 

commutative diagrams. 


2. Equivariant bundles, equivariant sheaves and quivers 


The object of this section is to generalize the results of §[I]to equivariant vector bundles and sheaves 
on A X G/P. To do this, in §§2.1 and 2.2, we define the categories of holomorphic quiver bundles 
and G-equivariant holomorphic filtrations, as well as the corresponding categories of sheaves. The 
definition of a quiver bundle applies to any quiver, while the definition of a G-equivariant holomor¬ 
phic filtration applies to any complex G-manifold. In §^, we extend the results of §§1.4 and 1.5 


to 


equivariant vector bundles and sheaves on A x G/P. Thus, we prove that there is an equivalence 
between the category of holomorphic equivariant vector bundles (resp. coherent equivariant sheaves) 
on A X G/P and the category of holomorphic quiver bundles (resp. quiver sheaves) on A. We 
also show that such an equivariant holomorphic vector bundle or sheaf admits a natural equivariant 
filtration. 


2.1. Quiver bundles and quiver sheaves. The notion of quiver bundle generalises previous con¬ 
cepts of vector bundles with additional structure. In this subsection, Q is a (locally finite) quiver. 

Definition 2.1. A Q-sheaf TZ = {£,4>) on X is given by a collection £ of coherent sheaves £x, for 
each vertex v G Qo. together with a collection cj) of morphisms fa ■ £ta £ha> for each arrow 
a G Qi, such that £^ = 0 /or all but finitely many v G Qo- 


Given a Q-sheaf TZ = {£,4>) on A, every (non-trivial) path p = oq • • • Om in Q induces a mor¬ 
phism of sheaves /(p) := fao o - - - o fam • ^tp —> £hp- The trivial path Cy at a vertex v induces 
4>{ey) = \d ■. £y ^ £y. A Q-sheaf TZ = (5, f) satisfies a relafion r = CiPi if Ci(l>{pi) = 0. 
Let /C be a set of relations of Q. A Q-sheaf with relations /C, or a (Q, IC)-sheaf is a Q-sheaf satisfying 
the relations in JC. A holomorphic Q-bundle is a Q-sheaf TZ = {£,4>) such that all the sheaves £y 
are holomorphic vector bundles, (i.e. locally free sheaves). A morphism f : TZ ^ S between two 
Q-sheaves TZ = {£, cj>), S = (P", if), is given by morphisms fv-£v^ XFy, for each v G Qo, such 
that fa ° fta = fha ° fa, for cach a G Qi. It is immediate that (Q, /C)-sheaves form an abelian cat¬ 
egory. Important concepts in relation to (semi)stability (cf. ^.3.1 ) are the notions of Q-subsheaves 
and quotient Q-sheaves, as well as indecomposable and simple Q-sheaves, which are defined as in 
any abelian category. 
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2.2. Equivariant filtrations. Let M be a complex G-manifold. To simplify the notation, throughout 
this paper a G-equivariant coherent sheaf on M will mean a coherent sheaf on M together with a 
holomorphic G-equivariant action on !F (cf. §2.3.2, or e.g. [KB for more details). 


Definition 2.2. A G-equivariant sheaf filtration on M is a finite sequence of G-invariant coherent 
sub sheaves of a G-equivariant coherent sheaf J- on M, 

(2.3) : 0 ^ ^ ^ ^ 

We say that J- is a holomorphic filtration if the sheaves Ti are locally free. 

When G is the trivial group, a G-equivariant coherent sheaf will be referred to as a sheaf filtration. 

The G-equivariant sheaf filtrations on M form an abelian category, whose morphisms are defined 
as follows. Lef given by (^), and , given by 

( 2 . 4 ) jr' Q ^ ^ ^ ^ j:' ^ 

be G-equivarianf sheaf fillralions. A G-equivarianf morphism from fo is a morphism of coher- 
enf G-equivarianf sheaves f : IF' ^ IF, such fhaf f{J^[) = IFiF Im(/) for 0 < z < m. In parficular, a 
subobjecf of a G-equivarianf sheaf filfrafion (2.3) is a sheaf filfrafions (2.4), where T' is a G-invarianf 


coherenf subsheaf of T, and = TiF\ T', for 0 < z < m. 


2.3. Correspondence between equivariant sheaves, equivariant filtrations, and quiver sheaves. 

We now prove the main results of this section. Throughout (Q,/C) is the quiver with relations 
associated to P. 


Theorem 2.5. There is an equivalence of categories 

coherent G—equivariant 
sheaves on X x G/P 


{ (Q,/C)—sheaves on X } 


The holomorphic G-equivariant vector bundles on X x G/P and the holomorphic {Q, IC)-bundles 
on X are in correspondence by this equivalence. 


Proposition 2.6. Let us fix a total order in the set Qq, as in § |/.5.3[ Any coherent G-equivariant sheaf 
T on X X G/P admits a G-equivariant sheaf filtration 


(2.7) 


.F : 0 ^ pQ ^ Pi ^ ^ Pm = P, 

Ps/Ps-I = P*£xs ^ 0 < s < m, 


where {Aq, Ai,..., A^} is a finite subset of Qo, listed in ascending order as Xq < \i <■■■ < Am, 
and Sq, ... ,£m non-zero coherent sheaves on X, with trivial G-action. If P is a holomorphic 
G-equivariant vector bundle, then ..., £m holomorphic vector bundles. 


The proof of Theorem will be given in two steps, by (i) reduction of a coherent G-equivariant 
sheaf P on X x G/P to the slice i : X = X x P/P ^ X x G/P, obtaining coherent P- 
equivariant sheaf S = i*P on X, following § 1.1. 1| ; and (ii) given 8, the construction of a {Q,1C)- 
sheaf TZ = {£,(fi) on X, following the proof of Theorem |1.4[ The first step is Lemma A 
preliminary result needed in the second step is Lemma |2.9| , where the L-equivariant constant sheaf 
on X associated to the L-module M\ is also denoted M\, for each A G Qq. In Lemma 2.8 (resp. 
Lemma 2^), the P-action (resp. L-action) on X is trivial. 


Lemma 2.8. There is an equivalence of categories 

coherent G—equivariant 
sheaves on A x G/P 


coherent P—equivariant 
sheaves on X 
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Lemma 2.9. A coherent L-equivariant sheaf £ on X admits an isotopical decomposition 
( 2 . 10 ) 

AsQq 

where Qq C Qo is finite, and £\ is a coherent sheaf with trivial L-action, for each A G Qq. 

Since we are dealing with equivariant sheaves, an ingredient in the proof of the previous lemmas, 
which did not appear for homogeneous bundles on G/P, will be standard techniques of representation 
theory of Lie groups on the Frechet spaces of sections of equivariant coherent sheaves. The necessary 
preliminaries are explained in § 2.3.2| - 2.3.3 Th e proo fs of Lemmas and are in §§13303 
and the proof of Theorem is completed in § |2.3.6i The proof of Proposition |2^ is the content of 


2.3.7 


2.3.1. Equivariant holomorphic vector bundles. To understand the proof of Theorem p3| , let us 
first prove the equivalence between G-equivariant holomorphic vector bundles on X x G/P and 
holomorphic (Q,/C)-bundles on X. In §1.1.1 we defined an equivalence functor befween fhe cafe- 


gory of G-equivarianf holomorphic vector bundles on X x G/P and fhe cafegory of P-equivarianf 
holomorphic vecfor bundles on X. We now define an equivalence funcfor befween fhe cafegory of 
P-equivarianf holomorphic vecfor bundles on X and fhe cafegory of holomorphic (Q,/C)-bundles 
on X, generalising Theorem |1.4 L ef be a P-equivarianf holomorphic vecfor bundle on X. The 
equivalence funcfor of Theorem |1.4| associafes a (Q, X)-module TZx = {Sx, fix)’ 1° Ihe holomorphic 
represenfafion £x of P, for each x G X. The poinf is to show fhaf fhese {Q, X)-modules ‘vary holo- 
morphically in X’, i.e. fhaf fhey are fhe fibers of a holomorphic {Q, X)-bundle on X. To do fhis, one 
can use sfandard techniques in represenfafion fheory. Firsf, fhere is a (unique) holomorphic projec- 
fion operator If : <5 —> <5 onfo fhe L-invarianf pari of £, and ils image Yi£ and kernel (id —Yi)£ have 
induced sfruclures of holomorphic vector subbundles of £. A proof is as follows. Lef Tf be defined 
by n(e) = Jj g ■ e dg, where dg is fhe Haar measure of J. The map If is obviously a J-invarianf 
smoolh projection operator onfo fhe J-invarianl pari. One can prove fhaf, since L is fhe universal 
complexificalion of J (for L is reduclive). If is aclually L-invarianl and, moreover, holomorphic. To 
prove fhaf Yi£ and (id —I\)£ have induced sfruclures of holomorphic vecfor subbundles of £, one 
follows e.g. as in [ [4B[ , Lemma (1.4)], where a similar resulf is proved for a smoolh projection op- 
eralor on a smoolh vecfor bundle —one simply changes fhe word ‘smoolh’ by ‘holomorphic’ in fhaf 
proof. The image of fhe projection operafor 11 picks oul fhe L-invarianl par! of £, so fhe isolopical 
decomposition of £ is oblained as in fhe familiar case of finile dimensional represenlafions: 

L ^ 0 La ® Ma, La = (Hom(MA,L))^, 

AgQq 

where Mx is fhe L-equivarianl vecfor bundle X x Ma, for A G Qq, Hom(MA, L) is fhe holomorphic 
bundle of endomorphisms, (—)^ := n(— ), La is a holomorphic vector bundle wilh Irivial L-action, 
and Q'q C Qq is fhe subsef of weighls A wilh La 0. This isotopical decomposition defines fhe 
aclion of L on L. The extension of fhe L-action to a P-aclion is defined by means of holomorphic 
morphisms fia ■ £ta —> £ha salisfying fhe relations in JC. The proof follows as in Theorem M. The 
holomorphic vecfor bundles La and fhe holomorphic morphisms fia define fhe holomorphic {Q,IC)- 
bundle TZ = {£,fi) associated to L. □ 


If is worfh menlioning fhaf fhe equivalence proved in § |2.3.1| can be sfafed, and proved, in lerms of 
5-operators on smoolh equivarianl vector bundles, as we shall do in 


2.3.2. Holomorphic actions on coherent sheaves. Throughout §2.3.2, F is a complex Lie group 


(later on, it will be either G, P, or L), and M is a complex F-manifold. As mentioned in §2.2, to 


simplify the notation, throughout this paper a T-equivariant coherent sheaf on M is a coherent sheaf 
P on M together with a holomorphic F-equivariant action on P, following the definitions given e.g. 
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in |Ak|. This means that ^ is a coherent sheaf on M, hence a covering space with projection map 


TT 


T —> M, together with a T-action on T , so each g £ T acts on the stalk J^y, for y £ M, by 


an isomorphism pg : Ty 


Tg.y of Og.y-modules, such that the T-action commutes with vr, and is 


holomorphic in the following sense: Since T is coherent, the spaces of sections for i? C M 


open, have canonical Frechet topologies (cf. e.g. |GrR, §V.6]); the T-action on T is holomorphic if 
for all open subsets B,B' C X and VT C T with W ■ B C B' , and all sections s £ X{B'), the map 
W —> X{B), g I—> g~^ ■ (s|g.s), is holomorphic with respect to the Frechet topology on X{B). 


2.3.3. Sheaves of invariant sections. Let T and M be as in §2.3.2. Let us assume that the T- 
action on M is such that M/T is a complex manifold. The structure sheaf of M/T is given by 
Om/t{B) = Om{'^~^{B)Y, for B C M/T open, where vr : M —> M/T is projection. We now 
define a functor from the category of coherent T-equivariant sheaves on M to that of (not necessarily 
coherent) sheaves on M/T, by ‘taking invariant sections’. Given a coherent T-equivariant sheaf T on 
M, the sheaf associates to i? C M/T open, the subspace (B) = T(B^f of T-invariant 
sections; the restriction maps of are those of T restricted to the spaces of invariant sections. 
This defines a presheaf, which is in fact a sheaf, called the sheaf of invariant sections of T. Given 
a T-equivariant morphism / : .Fi —> .^2 of coherent T-equivariant sheaves on M, the morphism 
Z'" : is defined by f^{B) = f {Tr~^{B))\£{Tr~^(B))^ for any open set B C M/T. 


2.3.4. Proof of Lemma 2.8. Let ttx : X x G 


X,ttg- X xG 
G, {p, g) ^ Tpg = gp 


G,7r :X xG^ Xx G/Pbe 
induces a P-action on Og, 
f o Vg-i, for p G P and B C G open, which is holomorphic (cf. e.g. 


projections. The P-action on G, r : P x G 
Og{B) ^ OG{rp{B)), f 

§4.1]). This action induces another P-action on OxxG = t^x^x 
trivial P-action on the first factor, and the induced P-action on the second factor; thus, O 

(GP 

'^XxG 


-IT, 


G 


Og, obtained from the 


. Let T be a coherent P-equivariant sheaf on X. The coherent sheaf Ti = 


XxGlP 


vr, 


G 


Og on 

X X G has a holomorphic P-equivariant action, obtained from the induced P-actions on the first and 
the second factor. We now prove that the sheaf T = on X x G/P is coherent. The set S(T) of 
points y £ X X G jP where P is not coherent, i.e. where it does not admit a presentation 


O 


XxGjP^y 


O 


XxG/P,y 


Pn, 


0 , 


is G-invariant, i.e. G • S{P) = S{P), and G ■ y = {x} x G/P for y = {x,gP) £ X x G/P, so 
S{P) = S{£) X G/P, where S{£) is the set of points x £ X where £ is not coherent. Since £ is 
coherent, P is coherent. Analogously, one shows that P is locally free if £ is locally free. 

The G-action on G, / : G x G ^ G, {g,g') i—> Igg' = gg', induces a holomorphic G-action on 
Gg, Gg{W) OG{lg{W)), f f o Ig-i, for g £ G, W C G open, which induces a holomorphic 
G-action on OxxG and on the tensor product Tl = 'k*^£ ® ttqOg- G acts trivially on the first factor 
and in the induced way in the second factor. Thus, for all open subsets B, B' C X x G, W C G 
with W ■ B C B', and s £ P(P'), the map W —> Ti.{B), g i—> g~^ ■ (sI^.b), is holomorphic. Hence, 
if Pi, Pj C X X G/P are open, VT • Pi C B[, and s G P{B[) = n{B')^, with B' = 7r-^(Pj), 
then the map W —> P(Pi) = H{B)^, g i—> g~^ ■ {s\g.B), is holomorphic, where P = 7r“^(Pi). 
Therefore, P is a coherent G-equivariant sheaf on X x G/P. □ 


2.3.5. Proof of Lemma |2.9| . Since L acts trivially on X, a holomorphic L-equivariant action on a 
coherent sheaf £ on X, as defined in §2.3.2, is simply an P-action on £ such that for each B C X 
open and each s £ £{B), the map L —> £{B), g g ■ s, is holomorphic (because the maps 
£{B) —>■ £{B '), s I—> s I S', for P' C P C X open, and P —> P, <7 i—> are holomorphic). To 
prove Lemma p. 3.5 , we shall need the following three lemmas, where it is crucial that P is reductive. 
The first one is an equivariant analogue of a well-known property of coherent sheaves. 
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Lemma 2.11, A coherent L-equivariant sheaf on X is a sheaf £ of Ox-modules, together with an 
L-action on the space of sections £{B) by automorphisms of 0{B)-modules, for each B C X, with 
commute with the restriction maps pb'B '■ £{B) —> £[B') for B' <Z B <Z X open, and such that for 
each X € X, there exists a neighbourhood B of x, finite-dimensional complex representations V, W 
of L and a L-equivariant exact sequence 

( 2 - 12 ) Ob®W Ob®V £\b -^ 0 , 

such that, for any B' <Z B open, each s £ £ {B') is L-finite, i.e. the C-linear span of the orbit L ■ s is 
finite-dimensional. 


Proof The existence of B, B' ,W and the L-equivariant exact sequence is a consequence of a result 
of Roberts Proposition 2.1]. Actually, Roberts states a very close result for complex L-spaces 
which can be covered by L-stable Stein open sets, and he also proves the existence of a finite set 
si,... ,Sr G £{B) of L-finite sections such that the restrictions si|b', ..., Sr\B' generate £{B') as 
an Ox{B')-r(ioAvi\e., for each B' C B open. Moreover, the representation V in the lemma is a finite 
dimensional L-invariant complex subspace of £{B) generated by si,..., over C. We now show 
that for B'd B open, each s G £{B') is L-finite. Let B' C B open and s' = Sjls' for 1 < f < r, 
so ..., sj, generate £{B') over Ox{B'), and they are also L-finite. Let B' C £{B') be a finite 
dimensional C-vector subspace containing By adding more generators if necessary, we 

can assume that the C-linear span of si,..., is V. Thus, there are functions f''- : L —> C such 
that g ■ si = XlILi f''j{9)^'v p G L. To show that each ^ G £{B') is L-finite, we first 

expand it in the set of C)(i?')-generators s', ^ ^ Let V" C £{B') be 

the finite-dimensional C-vector subspace generated by the subset {^-^s'll < i,j < n} of £{B'). If 
p G G, then g-i = YTj=i 9 ■ s’j = fjid) G V”, so ^ is L-finite. □ 

In the following two Lemmas we shall use the functor which takes a coherent L-equivariant sheaf 
£ into the sheaf £^ of invariant sections, as defined in ®.3.3|; we nofice fhaf L is a sheaf on X, 


since XjL = X.A projecfion operator on a coherenf L-equivarianf sheaf £ on X, i.e. a morphism 
II : £ —> £ wifh Tt^ = 11, is called L-invariant, if n ((7 • s) = n(s) for p G L, s G £{B), B C X 
open. Lemma 2. 13| is an immediate consequence of pDj, Proposifion 2.2]. 


Lemma 2.13. (a) Let £ be a coherent L-equivariant sheaf on X. There is a unique L-invariant 

projection operator 11 : L —> L onto £^. If B' <Z B are two open subsets of X and pb'B ■ 
L(i?) —> £{B') is the restriction map, then IIb' o p^i^ = pb'b °Bb. 

(b) The L-invariant projection operator commutes with L-equivariant homomorphisms, i.e. if 
/ : Li —> L 2 is an L-equivariant morphism of coherent L-equivariant sheaves on X, then 

n o / = /^ o n. 


Lemma 2.14. (a) The functor which takes a coherent L-equivariant sheaf £ into £^ is exact. 

(b) If £ is a coherent (resp. locally free) L-equivariant sheaf on X, then £^ is coherent (resp. 
locally free). 


Proof, (a) This functor is obviously lefl exacf. To see fhaf if is righf exacf, we have fo prove fhaf if 
/ : Li —> L 2 is an L-equivarianf epimorphism fhen /^ : Lf —> £2 is surjective. Given x € X, 
•S 2 ,x G ^ 2 ,x^ there exisfs G £i^x wifh fx{si,x) = S 2 ,x- By Lemma | a|, f^{Ilx{si^x)) = S 2 ,x, so 
is surjective. 


(b) Lef X € X. Assume firsf fhaf £ is coherenf. By Lemma [2.11[ , fhere exisfs a neighbourhood B of 
X, finife-dimensional complex represenfafions V,W of L and a L-equivarianf exacf sequence ( 2.12 ). 
By par! (a), fhe induced sequence 


{Ob ® V)^ 


r 


{^IbY 


0 


{Ob®W) 
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This 

□ 


is exact. Obviously {Ob ® V)^ = Ob® V^, (Ob ® W)^ = Ob ® and {S\b)^ = {£^)\b 
proves (b) for coherent sheaves. For locally free sheaves the argument is analogous. 

We now prove Lemma 2.9. Since (g) <5 is a coherent (resp. locally free) L-equivariant sheaf, 
for A G Qo, the ‘multiplicity sheaf’ S\ = {M^ ® £)^ is coherent (resp. locally free). Then £\{B) = 
{M^®£{B))^, for B C X open (for taking invariant sections obviously commutes with restriction). 
Let X G X. Let B C X open as in Lemma [2.11| . Since all the sections of £{B') are L-finite, for 
B' C B open, and L is reductive, there is an isomorphism 

£{B') ^ 0 (M^ ® £{B'))^ 0 Ma = 0 £x{B') ® Mx, 

AgQq AgQq 

where Qq is the set of vertices A G Qo such that £x / 0. Taking direct limits in B' 3 x, we get 
£^ = ©AeQ^^A,a; ® Mx, which proves ( 2.10| ). We now prove that Qq is a finite set. Since X is 
compact, it is enough to see that there are isomorphisms £\b — ©asQ^j'^aIb ® Mx, for the open sets 
B C X satisfying the conditions in Lemma |2.11 , where Qq C Qo is finite. Let V be defined as 
in Lemma |2.11|, so fhere is an L-equivarianf epimorphism / : Ob ® V —> £\b- By Lemma |2.14 

'V 


fensoring by and faking fhe L-invarianf, we gef anofher epimorphism 


(2.15) 


Ob ® Vx 


£ 


MB 


0 . 


where {Ob ® ® V)^ = Ob ® Va, wifh Vx := {JV^ ® V)^, and (M^ ® £\b)^ = £x\b- 

Now F is a finile-dimensional complex represenfafion of L, so if has an isofopical decomposition 
V = ©AeQfj^A ® Xfx, where Qq C Qo is finife, i.e. Va = 0 for all buf finitely many A G Qo. By 
(|2.15[), £x = 0 for all buf finitely many A G Qo, so Qq is finife. □ 


2.3.6. Proof of Theorem 2.5 . Our proof is similar fo fhaf of Theorem 1.4, fogefher wifh fhe previous 


lemmas. By Lemma 2.8, fo prove fhe fheorem we define an equivalence functor from fhe cafegory of 
coherenf P-equivarianf sheaves on X, fo fhe cafegory of (Q, X)-sheaves on X. Lef be a coherenf 
P-equivarianf sheaf on X. By resfricfion fo fhe Levi subgroup L C G, we obfain a coherenf L- 
equivarianf sheaf on X, whose L-acfion is given by an isofopical decomposifion ( 2.10| ). Obviously, 
fhe acfion of fhe unipofenf radical U C P defines an action r : u —> EndA:(<?) of ifs Lie algebra, 
satisfying conditions similar to (CRl), (CR2) in fhe proof of Theorem |1.4|. Condition (CRl) means 
fhaf r is a global section of fhe L-invarianf part of fhe coherenf L-equivarianf sheaf Wi = u* © 
£ndox{S)< i-O. s G Wf (X). Now, £ has an isofopical decomposition ( [2.10| ), so 

Wi ^ 0 A,x 

hence Schur’s lemma implies Wf = ®A,AieQo^MA ® 'Homox (^A, 

wHx)= 0 

A,/^GQq 


>Homox{£\,£fi) ® Hom(Mj,,M^), 


i Homox ' 

A^x ® BoTa.x{£\,£^i) 


Thus, r is in 


The collecfion £ of coherenf sheaves La, fogefher wifh fhe collecfion cj) of morphisms 
Q-sheaf 7?. = {£,cf)). Condition (CR2) means fhaf 7?. satisfies fhe relations JC. 


‘A. 


define a 

□ 


2.3.7. Proof of Proposition |2.6| . Lef X be a coherenf G-equivarianf sheaf on X x G/P. The corre- 
spon ding c oherenf P-equivarianf sheaf £ on X, given by Lemma 2.6 , has an isofopical decomposi¬ 
tion (|2.10| ), defining fhe L-acfion on £. Lef Qq = {Aq, Ai, ..., Am} be listed in ascending order as 
Ao < Ai < • • • < Am- The coherenf subsheaves of £ defined by 


S{<s) — 


0 £j ® Mxj, 

j=0 


with £s := £xs, for 0 < s < m, 
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are P-invariant, so there is a P-equivariant filtration, and P-equivariant isomorphisms 

0 £<o ^ £<1 ^ ^ £<m = £, ^(<s)/(<s-i) - £s® Mx^, for 1 < s < m 

Applying Lemmato each P-equivariant sheaf <5(<s), to each map ^ £{<s)^ and to each 

isomorphism £[<s)/{<s-i) — £s'S' Mx^, gives a G-equivariant filtration (^7^. □ 


3. Invariant holomorphic structures and quiver bundles 


In Theorem 2.5 we proved an equivalence between the category of G-equivariant holomorphic 
vector bundles on X x G/P and the category of holomorphic (Q, /C)-bundles on X, where {Q, JC) is 
the quiver with relations associated to P. Our purpose in this section is to study the same equivalence 
in terms of invariant B-operators on smooth equivariant vector bundles on X x G/P. The main 
result, stated as Proposition ^ , will be used in the next section to obtain the dimensional reduction 
of the gauge equations and of the stability criteria for equivariant holomorphic bundles on X x G/P. 
Throughout this section, (Q, /C) is the quiver with relations associated to P. 


3.1. Invariant holomorphic structures on G-manifolds. A X-equivariant smooth complex vector 
bundle on a smooth X-manifold M is a smooth complex vector bundle P on M together with a 
smooth lifting of the X-action to an action on P. Let F be such a smooth X-equivariant vector bundle 
on a compact X-manifold M. Since G is the universal complexification of X, the X-actions on M 
and P lift to unique smooth G-actions, and hence P is a smooth G-equivariant bundle over the G- 
manifold M. The group G acts naturally on the space S> of 9-operators on P, by ^{Bp) = 7o9i?o7“^ 
for 7 G G and Bp G This action of G leaves invariant the subset ^ of 9-operators Bp with 
(9i?)^ = 0, which is in bijection with the space of holomorphic structures on P. The group G also 
acts naturally on the complex gauge group = f2‘^(Aut(P)) of P, by 7 ( 5 ) = 7 o o 7 “^ for 7 G G 
and g G The space of fixed points is in bijection with the space of holomorphic structures on 
P such that the action of G is holomorphic. 


3.2. Preliminaries on smooth equivariant vector bundles on X x G/P. Since P c G is a par¬ 
abolic subgroup, the natural map X/J —> G/P is a diffeomorphism. Since G/P is a projective 
variety, this map induces the same structure on X/J. In particular, X/J is a compact Kahler homo¬ 
geneous manifold with a symplectic action of X. 


Let P be a X-equivariant smooth vector bundle on X x X/ J. The X-action on E lifts to a unique 
smooth G-action, giving F the structure of a s mooth G-equivariant bundle over X x K/J = X x 
G/P. Now, there is an equivalence, similar to ^1.1.1 , between smooth X-equivariant vector bundles 
on X X K/J and smooth J-equivariant vector bundles on X: a smooth J-equivariant bundle X on X 
induces a smooth X-equivariant bundle F = K x j E. Furthermore, any smooth equivariant J-action 
on E extends uniquely to an L-action on E (since L is the universal complexification of J). Thus, 
if is a holomorphic P-equivariant vector bundle on X whose underlying smooth J-equivariant 
vector bundle is E, then the induced holomorphic G-equivariant vector bundle T = G Xp £ on 
X X KjJ = X X G/P has underlying smooth X-equivariant F = K Xj E. This means that 
there is a one-to-one correspondence between (i) G-invariant holomorphic structures on the smooth 
X-equivariant vector bundle F = K Xj E and (ii) P-invariant holomorphic structures on the smooth 
J-equivariant vector bundle E together with extensions of the P-action on X to a holomorphic P- 
action on X. As a preliminary step to describe this correspondence in terms of 9-operators and quiver 
bundles, we introduce some notation and state the following lemma, whose proof is standard (see e.g. 


3.2.1. Notation. Given an irreducible representation Mx of J, corresponding to an integral dominant 
weight A, Hx := K Xj Mx is the induced irreducible smooth homogeneous vector bundle on X/J. 
It is the smooth X-equivariant vector bundle underlying Ox = G Xp Mx (cf. §1.5.4). The 9-operator 
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corresponding to the holomorphic structure 0\ is denoted by dff^. The maps p : X x K/ J ^ X 
and q : X x K/J ^ K/J are the canonical projections. 

Lemma 3.1. Every smooth K-equivariant complex vector bundle F on X x K/J can be equivari- 
antly decomposed, uniquely up to isomorphism, as 

(3.2) F ^ 0 Fa, Fa := /Fa 0 /Fa, 

agQq 

for some finite collection E of smooth complex vector bundles E\ on X, with trivial K-action, where 
Q'o C Qo is the set of vertices with Ex / 0, which is of course a finite set. 


The following lemma, proved in § |3.4.2 , is needed before introducing some more notation. 
Lemma 3.3. There is a natural isomorphism n^’^(Hom(FA, H^))^ = A^\. 


3.2.2. Notation. Let {qfia £ Qo, ta = X,ha = p} be a basis of fl°’^(Hom(FA, H^))^ correspond¬ 
ing to a basis {o^aI^ = 1,..., n^x] of A^x by Lemma for each X,p£ Qq. 


3.3. Spaces of 9-operators, complex gauge groups, and quiver bundles. Let F be a smooth K- 
equivariant vector bundle on X x K/ J, whith equivariant decomposition The iT-acdon on F 
lifts to a unique smooth G-action, so F is a smooth G-equivariant over X x K/J (cf. §^). Let ^ 
(resp. ‘^) be the space of 9-operators (resp. 9-operators with square zero) on F, and let be the 
complex gauge group of F, with the G-actions on these spaces defined in § |3.1| . Let Q' = (Qq, Q/) 
be the full subquiver of Q whose vertices A are defined by the condition Fa / 0 (the arrows a are 
defined by the conditions Eta / 0 and Eha / 0). Let ^x (resp. tfix) be the space of 9-operators 
(resp. 9-operators with square zero) on Ex, and let be the complex gauge group of Ex, for each 
X e Qq. The group 

ASQg 

acts on the space of 9-operators, and on the representation space Sf(Q', E), defined by 


n ^A, 1%{Q',E) = 0 n\Yiom(Eta,Eha)). 

AgQq aGQj 

An element g G is a collection of elements gx G A G Qq, and an element Be G St' 

(resp. cf) G Ji(Q',E)) is a collection of 9-operators Be^ £ Six (resp. smooth morphisms / : 
Eta —> Efia), for each X € Q'q (resp. a G Q'fi. The f^'^^-actions on S' and fif(Q', E) are given by 
(9(Be))\ = g\o Be^ o gf^, and (g ■ cj))a = gha o 4>a o gfa , respectively. The induced ^"=-action 
on the product S' x Jf(Q', E) leaves invariant the subset of pairs (Be, 4>) such that 8e^ G 
for each A G Q'q, cf>a : Eta —> E^a is holomorphic with respect to Bta and B^a, for each a G Qo, and 
the holomorphic Q-bundle TZ. = (£, cf)], defined by these holomorphic structures and morphisms, 
satisfies the relations in JC. 


Proposition 3.4. (a) There is a one-to-one correspondence between S^ and S' x t%{Q', E) 

which, to any (Be, cf)) £ S' x Jf(Q', E), associates, the B-operator Be G S'^ given by 

Be = Bf^OExF Pa O TTta- 

AgQq clGQi 

Here Bf^ is the B-operator of Fx given by Bf^ = P*Bex <8) id + id ®q*BHt,,for each X G Q'q, 
and Pa ■■= p*pa <8) q*Pa G fl°’/Hom(Fta, Fha)) for each a G Qj. 


(3.5) 
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(b) The previous correspondence restricts to a one-to-one correspondence between and jV. 

(c) There is a one-to-one correspondence between and which, to any g G asso¬ 
ciates g = EasQJ, ffA o tta G with gx = p*g\ G n°{Aut{Fx)) = Tl'^{Aut{p*Ex)). 

(d) These correspondences are compatible with the actions of the groups o/(c) on the sets of (a) 

and (b), hence there is a one-to-one correspondence between and jV 


3.4. Preliminaries on smooth homogeneous vector bundles. To prove the previous proposition, 
in this subsection we collect several preliminary results about the homogeneous space K/ J and the 
homogeneous bundles on K/ J. We first recall several standard results (§§ 3.4.1| - 3.4.3[ , cf. e.g. PI), 
which we adapt to the notation used throughout this paper. We then prove other results (§§ 3.4.4 - 
3.4.5), which are elementary but necessary to relate invariant connections on homogeneous bundles 
to our definition of the quiver with relations associated to P. 


3.4.1. The canonical complex structure on K/ J. The canonical complex structure on iT/J is the 
complex structure on K/ J induced by the complex structure on the projective variety G/P and by 
the diffeomorphism Kj J = G/P. Let T = H n K be. a maximal torus of K, and let t be its Lie 
algebra. Let r C 6 be the Lie subalbebra, which is also a J-submodule, given by the isomorphisms 
of J-modules 

! = j©r, r^e/j. 

That is, r is the direct sum of the even-dimensional real subspaces of t on which the spectrum for the 
action of t is ± A, for A G A(r), where A(r) is the set of roots of g with respect to 1) which are 
not roots of 1. The complexification of r is rc = u © u. We define a J-invarianf complex sfrucfure of 
Ihe J-module r by fhe condifion fhaf 


are fhe (1,0)- and (0, l)-subspaces of Xc, respecfively. Then fhere are nafural isomorphisms 

(3.6) A^’^T*(K/J) xj A^’h. 


To prove fhis, we firsf nofe fhaf fhe holomorphic and anfiholomorphic cofangenf bundles on G/P are 
isomorphic fo G Xpu and G xpu*, respecfively, as holomorphic G-equivarianf vecfor bundles. This 
follows from: (i) fhe holomorphic fangenf bundle on G/P is isomorphic fo G Xp (g/p) as a holomor¬ 
phic G-equivarianf vecfor bundle; (ii) fhe Killing form on g induces isomorphisms g/p = u* = u of 
represenfafions of P. Second, by fhe argumenfs of §|^ fhe underlying smoofh homogeneous vector 
bundles of G x p u and GxpU are iTxj and K Xj respectively. This proves ( p.6[ ). If 
is worth menfioning fhaf fhe canonical complex sfrucfure can be defined direcfly on K/ J, wifhouf 
fhe use of fhe diffeomorphism Kj J = G/P (see e.g. 1^]); however we shall be interested in fhe 
relation befween fhe holomorphic sfrucfures on smoofh homogeneous vecfor bundles onK/ J and fhe 
represenfafion fheory of P, so we shall need fhe isomorphisms (3.6). 


3.4.2. Spaces of invariant forms onK/ J. Given a smoofh iT-equivarianf vecfor bundle F = K Xj 
W on K/ J, induced by a represenfafion W of J, fhere is a bijecfion befween fhe space of iT-invarianf 
sections of F and fhe J-invarianf subspace of W. If W = © V, where V is anofher 

complex represenfafion of J, fhen ( |3.6| ) implies A^'^T*{K/J) ® E = K Xj (A*Ar* © V) as smoofh 
iT-equivarianf vecfor bundles, where E := K XjV. Therefore, fhe spaces of PT-invarianf P-valued 
r- and (f, j)-forms on K/J are 

(3.7) fr{E)^ ^G^{V), and VT'\E)^ ^ G^'\V), 
respecfively, where 

(3.8) G^{V) := (A'’r* © VY, and G*A(1/) := (A*Ap ^ vY. 
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In particular, if 1^ = Hom(M;v, M^), for X,iJ.€ Qq, and i = 1,2, we get (see § 1.2.1 ) 

(3.9) n^’\llom{Hx, H^))^ ^ B^x- 

Let y be a representation of J, and let = it' XjV he. the induced homogeneous vector bundle 
onK/ J. A basic ^-valued r-form on the principal J-bundle K —> K/ J is an element of ^Y^{V) := 
which is J-invariant and horizontal (cf. e.g. §1.1 of [ BGV| | for definitions). The space ^\{V) 
of basic F-valued r-forms on A' ^ K/ J is isomorphic to the space 12^ (A) of A-valued r-forms on 
K/J. The space 12''(A) is naturally a A'-module and, since the principal J-bundle K —> K/ J is 
iT-equivariant (with the canonical left A'-action), the space 12|J(y) is a A'-module as well. Moreover, 
the previous isomorphism 12^(y) = Vf{E) is an isomorphism of AT-modules. Therefore their K- 
invariant parts are isomorphic, so ( |3.7| ) gives an isomorphism 12^(1/)^ = C^(V). 


3.4.3. Spaces of invariant forms on K, There is a natural isomorphism of Lie algebras between t 

and the space X{K)^ of (left) -invariant vector fields on K. Given x ^ t, let x be the correspond¬ 
ing AT-invariant vector field on K generated by x, i.e. x{k) = exp(2x))|^^Q, for each k € K. 

Let y be a representation of J. The left action of J on A' together with the action of J on 1/ define a 
structure of J-module on the space = 12^ (g) V of F-valued r-forms on K, while the right ac¬ 

tion of K on itself induces naturally a structure of A'-module on 12^(1/). Moreover, the AT-invariant 
subspace 12^(17)^ is a J-submodule of 12^(1/). Given a e <8) V, let a € 12^(1/)^ be defined 

by 

a{xi{k), ..., Xr{k)) = a{xi, ..., Xr), loi k £ K, xi,..., Xr £ t. 

This map defines an isomorphism of representations of J : 

(3.10) A'^r G) 1/^ 12^(1/)^. 

3.4.4. An invariant connection for smooth homogeneous bundles. Let A' : f —> j be the canonical 
projection from 6 = j © r onto j. Thus A' G 6* © j is J-equivariant, so it induces a AT-invariant 
j-valued one-form A' £ 12^(j)^ on AT, by ( 3.10| ). 

Lemma 3.11. (a) The one-form A' £ is a K-invariant connection one-form on the 

smooth principal J-bundle K K/J. 

(b) Its curvature F' £ 12]^^j(ad A'), with ad A' ■.= K x j j, is given by means of its isomorphic 
element F' £ defined by 

(3.12) F' {x,x') =—Al {\x,x]) ioTX,x'£X. 


Proof Part (a) is straightforward, (b) By § p.4.2| , the curvature is defined by its isomorphic element 
F' = dA' + i[A, A], in 12^0)^ c f2|^(j)^, which is given by 

F'{x{k),x'{k)) = dA'{x{k),x'{k)) + [A'{xfk)), A'{x'{k))], for x,x' £t and k £ K 


(so x{k),x'{k) £ TkK, cf. § 3.4.3 ). Then dA'{x,x') = x{A'{x')) — x'{A'{x)) — A'{[x,x']). But 
A'('e) = A'{x) is constant, so x'{A'{x)) = 0, and analogously x{A'ix')) = 0. On the other hand 
[x, x'] = [x, x'Y- Therefore 

F'{f,f') = [A'{f),A'{f')]-A'{[f,f']) = [A'{x),A'{x')]- A'{[x,x']). 

This shows that F'{x,x') = 0 for x G j or a:' G j, i.e. F' is horizontal, as we already knew from 
part (a), and for x,x' £ r, it is given by F'{x,x') = —A'{[x,x']) which is ( |3.12 ). Let us denote 
by the same symbol the complexification of F'. Given e,e' £ u±, we have [e, e'] G u±, since 
u± are Lie algebras, hence its projection by A' : 0 = €c = 1 © u © u ^ 1 = jc is zero, i.e. 
F'([e,e']) = -A'([e,e']) = 0. Hence A' G Cbi(j). □ 
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Let V he a J-module. Since the curvature F' is of type (1,1), the induced connection on any 
homogeneous vector bundle E = K Xj V defines a holomorphic structure, which is obviously G- 
invariant. Let us define fhe linear maps d : C^{V) —> befween fhe linear spaces C^{V) := 

(A’'r* 0 Vy by 
(3.13) 

da{xo,...,Xr) = ^ {-iy+^a{[Xi,Xj],Xo,...,Xi,...,Xj,...,Xr), ioiXo,...,Xr £X. 

0<i<j<r 


Lemma 3.14. Let A be the K-invariant connection on E = K XjV induced by the K-invariant 
connection one-form A' on K K/ J. The following diagram is commutative: 

cyv) 



Here C^{V) ^ LF{E)^ and ^ LF~^^{E)^ are the isomorphism appearing in § |3.4.4 


Proof Firsf we assume fhaf r = 0, so lef v G C^{V) = , s G Ll^{E)^ and v G be relafed 

by fhe isomorphisms of §3.4.2. By definition dv = 0, so we have fo see fhaf = 0, or equivalenfly, 
fhaf dyS = 0, where d^ = d + p{A') : —> Lll{V). Since v : K ^ V is a consfanf map, 

dv = 0, while p{A') ■ v G Ll\f{E) is given by {p{A') ■v)-e = p{A' ■ e) ■ v e V for e e TK, which 
is zero, since v is J-invarianf. This proves = 0. For r > 1, lef a G C''{V), and lef p G fY{E)^ 
and d G 12^(1^) be relafed fhe isomorphism of § 3.4.2 . Lef xq, ..., G r, and lef xq, ..., x^, be as in 
§13.4.31 Then 


d^a(xo, ...,Xr) = ^(-l)*i.(xj)d^(a(xo,..., Xj,..., x,,))) 
j=0 

+ ^ (-l)*+^d([xi,Xj],xo,...,Xi,...,xj,...,Xr)), 

0<2<j<r’ 

where i(x) : —> 12*^ is confracfion wifh fhe vector field x. Bufd(xo,... ,Xj,... ,Xr) = a(xo, 

is consfanf, so d^(d(xo,..., Xj,..., Xr)) = 0 as seen before, while [xj, Xj] = [xj, Xj]~. This proves 
fhe assertion. □ 


Xr) 


3.4.5. Invariant forms on K/ J and the linear maps "fiiyX- Lef = 1, • • • ,n,^A} and 

If ~ 1) • • • 5 xn^x}, for fixed X, p G Qo, be fhe bases of f2‘^’^(Hom(idA, and f2‘^’^(Hom(ddA) 


Hy)^, fhaf correspond fo fhe basis {o^aK = l,...,n^A} of A^a and fo fhe basis = 

1,..., 6 ^a} of B^\ by fhe isomorphisms (^), respectively (cf. §3.2.2). Lef and be 




fhe coefficienfs defined in § L3.2|. 




-'fiuX 


Lemma 3.15. Let A'^ the unique K-invariant connection of H\, and let Ay be the connection 
induced by A'^^ and A'^ on the vector bundle Hom(idA. 2d^). Then 


(3.16) 


Aj) A Ji) _ Jbbp) 

'Eu 'Ex ~ ^tiux 

p=l 


(p) 

fiX ’ 




(fi 




A = E 

P=1 


fbp)c(p) 
Va "^px ’ 


for each A, /r G Qo- 


Proof The firsf equation follows immediafely from fhe firsf in (|L3|)- The second equafion is obfained 
from fhe second equafion in ( |L3| ). Indeed, G f2^(Hom(ddA) corresponds, by fhe 
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isomorphism to G B^x as given by ( |3.13D . To evaluate its (0, 2)-part := {du^^ 




A^’^r (g) Hom(MA, My), let e, e' G = u: 

daylie,e') = -o2([e,e']) = i)yx{a){e,e') = 


lhp)Ap) 

p=i 


Using the isomorphism ( |3.9[ ) once more implies the second equation in (|3.16[ ). 
From the point of view of (9-operators, the occurrence of the coefficients 


□ 

and in the 


relations of the quiver will appear, via equation ( p.lq ), when demanding the integrability condition 
((9i?)^ = 0 on the 9-operators Bp defined on equivariant bundles over X x K/ J. Thus, the linear 
terms in the relations corresponding to the coefficients c^^x \ can be seen as a consequence of 


''jiX 

may not be zero). Note that the forms rja are holo- 


' pX’ 

a non-holomorphic phenomenon (i.e. 9^/ x^dyx) 
morphic precisely when the unipotent radical U is abelian, e.g. for Grassmann varieties. It is worth 
remarking that Hille already proved that the relations are quadratic when the flag variety G/P is a. 
Grassmannian (cf. iB Corollary 2.2]), using a different method which involves his level function 
(cf. §1.5), and which, therefore, in principle can only be applied when P is a parabolic subgroup. 


3.5. Proof of Proposition |3.4| . (a) Let us fix a 9-operafor 9 e° on each Ex- We define 9-operafors 
Bpa on each Fx by Bf° = p*Be° ^id + id ^q^Bn^ - They are obviously G-invariant, so the 9-operator 
Bf° = YlxeQ' ° G-invariant. Thus, any G-invariant 9-operator Bp on F can be 

written as Bp = Bpo + 9 for 9 £ U‘^’^(End(F))^, the G-invariant subset of U‘^’^(End(F). What we 
have to prove is that there is a one-to-one correspondence between U^(End(P))^ and 0 E), 

where© := 0;ygQ^ U°’^(End(PA))- It is clear that U°’^(End(F))'^ = 0 a (}iom{Fx, Fy)) 

where r°’^ *{X x K/J) ^ p*T^X © q*T^d *[K/J), so 

Q-^'\Yioui{Fx,Fy)f ^a^’\YLoiPi{Ex,Ey)) © Q-\Bo^{Hx,Hy)f 

© U0(Hom(PA, Ey)) © U°’i(Hom(PA, Hy)f. 

By the isomorphisms ( |3.8| ) and ( |3.9| ) and Schur’s lemma, it follows that 
U°’i(End(F))^ ^ 0 U°’i(End(PA)) © 0 ® ^^°(Hom(PA, Ey)) ^ 0 x ^(Q', E). 

AgQq A,/ 2 .GQq 

(b) Let 9^ = Ba, Pyl = Pa for each a = G Qi, let Bp^^ be the 9-operator induced by Bp^ and 
Bp^ on the vector bundle Hom(PA) Ey), and let Bp G be given by ( ^7^) . Then 




"n-vX "■Ml' 


(9^)2 = ^ {Bp^ o TTa + ^ Bp^^ iP^Y °M+ Y ^ 73 S) O VTA, 

AgQq A,//GQq i=l i=l 


where {Bp^)^ = p*{Bpy)^ © id + id©g*(9H^)2 = p*{dAx)^ © id- Therefore ( |3.16| ) implies 


(9f)2 = Y © id) o VTA + Y ® d*Vyi) ° FX 

AgQq A,/ 2 .gQq 

+ - V o 


5 E E 0- E E E + E "Vg 

x,ij.€Qq p=i \MeQo *=i i=i *=i 


„*Ap) 
9 Va • 
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So = 0 if and only if {dpy^ )^ = 0 for all A, — 0 for all A, /i, i, and the corresponding 

holomorphic Q-bundle = {S,4’) satisfies the relations in 1C. 

(c) By Schur’s lemma, is included in 

O0(End(F)))« ^ 0 ffO(Hom(FA,F^))^^ 0 fl°(End(FA))^^ 0 r!0(End(EA)). 

AgQq AeQq 

The result is now immediate. 

(d) This is trivial. □ 


4. Gauge equations, stability, and dimensional reduction 


The goal of this section is to study natural gauge equations and stability criteria for equivariant 
bundles on X x G/P, and to investigate their dimensional reduction to X. Proposition ^ estab¬ 
lishes an equivalence between holomorphic equivariant bundles on X x G/P and their G-equivariant 
filtrations. As a result, one can consider certain deformed Hermite-Einstein equation and deformed 
stability criteria on equivariant bundles, which take into account the additional structure encoded 
in the filtration. As we shall see, these deformations will depend on as many stabUity parameters 
(To, <Ti,..., Om-i as steps are in the filtration. This deformed notions were already used in the case 
G/P = in [ AGlp (see also [0]), where the authors proved a Hitchin-Kobayashi correspondence 
for equivariant holomorphic filtrations. We review this correspondence in § p~I| . 

In Theorem we proved an equivalence between the category of G-equivariant holomorphic 
vector bundles on X x G/P and the category of holomorphic {Q, X)-bundles on X, where (Q, X) 
is the quiver with relations associated to P. In fact, in Proposition we described this equivalence 
in terms of 9-operators. Thus, the deformed Hermite-Einstein equation and deformed stability con¬ 
dition lead, by the so-called process of dimensional reduction, to new gauge equations and stability 
conditions on the associated quiver bundle on X, while the Hitchin-Kobayashi correspondence for 
equivariant holomorphic filtrations on X x G/P lead to a Hitchin-Kobayashi correspondence for 
holomorphic quiver bundles on X. By using Proposition |3.4| , in Sections O and we describe the 
resulting equations and stability criteria for quiver bundles on X, which will also depend on certain 
stability parameters. We relate the stability parameters for the equivariant filtration on X x G/P 
with the stability parameters for the corresponding quiver bundle. In these two subsections we notice 
that there is some freedom in the relationship between the parameters, that can be traced back to the 
fact that the X-invariant symplectic form u)^ depends on as many positive parameters as simple 
non-parabolic roots a G E of G which are not roots of the Eevi subgroup L of P. Another effect of 
the process of dimensional reduction is the appearance of purely group-theoretic multiplicity factors 
nx = dimMx, for A G Ap integral dominant weights of P, in the relation between the parameters. 


4.1. Hitchin-Kobayashi correspondence for equivariant holomorphic filtrations. Given a holo¬ 
morphic vector bundle P on a Kahler manifold (M, w), we define fhe degree and slope of T as 

(4.1) deg(^) = 

respecfively, where n = dimc:(M), Vol(M) is fhe volume of M, Fa is fhe curvafure of a connecfion 
Aon E, A is confracfion wifh oj, and rk(P) is fhe rank of T. The degree of a lorsion-free coherenf 
sheaf on M is normalised wifh fhese convenfions as well. The Hermite-Einstein equation for a 
hermitian mefric /i on a holomorphic vector bundle T is \JAF^ = p{F)I, where is fhe 
curvafure of fhe Chern connecfion associated to fhe mefric h on T. 
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4.1.1. Deformed Hermite-Einstein equation. Throughout this subsection, {M,io) is a compact 
Kahler iT-manifold, where K is acompact Lie group. We assume then that the iT-action leaves 
Lo invariant, and extends to a unique holomorphic action of G (the complexification of K) on M. Let 
:F, given by 

( 4 . 2 ) jr, 


be a G-equivariant holomorphic filtration over M. The deformed Hermite-Einstein equation involves 
as many parameters tq, n,..., Tm G K as steps are in the filtration, and has the form 


(4.3) 


/tqIo 


V^AFh = 


Tih 



where the RHS is a diagonal matrix, written in blocks corresponding to the splitting which a hermitian 
metric h defines in the filtration If tq = • • • = ( P^ ) reduces to the Hermite-Einstein equation. 

Taking traces in (4.3) and integrating over M, we see that there are only m independent parameters, 
since they are constrained by 


(4.4) 


'^Tiik{Fi/Fi-i) = deg(JE). 


j=0 


The group K acts in the space Met of hermitian metrics on F, in a natural way, by K x Met —>■ Met, 
(7, /i) I—> 7 • /i = We are interested in the it'-invariant solutions of ( |4.3| ). 


Definition 4.5. Let r = (tq, ... ,Tm) G and let J-, as in (4.2), be a holomorphic filtration 

on M. We say that a hermitian metric h on F is a K-invariant solution of the r-Hermite-Einstein 
equation on T if it is K-invariant and it satisfies the t-H ermite-Einstein equation (©. If such an 
K-invariant t-H ermite-Einstein metric h exists on IF, we say that F is a K-invariantly r-Hermite- 
Einstein holomorphic filtration. 


4.1.2. Deformed stability. As in the ordinary Hermite-Einstein equation, the existence of invariant 
solutions to the r-Hermite-Einstein equation on an equivariant holomorphic filtration is related to a 
stability condition for the equivariant holomorphic filtration. 

Definition 4.6. Let a = (ro,..., (Tm-i) G and let F, as in be a G-equivariant sheaf 

filtration on M. We define its cr-degree and cr-slope respectively by 

dego.(:F) = deg(J^) + ^ rk(J^i), p^{F) = ■ 

We say that F is G-invariantly <T-(semi)stable if for all G-invariant proper sheaf subfiltrations F' ^ 
F, we have < {<)peTiF). A G-invariantly <t- polystable sheaf filtration is a direct sum of 

G-invariantly a-stable sheaf filtrations, all of them with the same cr-slope. 


4.1.3. Hitchin-Kobayashi correspondence. 

Theorem 4.7. Let F be a G-equivariant holomorphic filtration on a compact Kahler K-manifold M. 
Let T = {tq, • • • , Tm) G be related by ( p~^ and let a = ((Tq, ..., CTm-i) G be defined by 

(Tj = rj_|_i — Ti,for b < i < m — 1, so that Oi > 0. Then F admits a K-invariant t-H ermite-Einstein 
metric if and only if it is G-invariantly a -poly stable. 


Proof. This theorem was proved in §2.3 of [ |AG1 ] when G is trivial and also for SL{2, C)-equivariant 
holomorphic filtrations on X x Since Proposition |2.6| establishes that the G-equivariant coherent 
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sheaves admit similar G-equivariant filtrations, the same proof given there can be applied to this more 
general situation. □ 


4.2. Dimensional reduction and equations. We study now the dimensional reduction of the de¬ 
formed Hermite-Einstein equation for a G-equivariant holomorphic filtration on X x G/P, as de¬ 
fined in § |4.1.1| . This subsection is organised as follows. In § |4.2.1 we sfudy it'-invarianf Kahler form 
on G/P, since fhe Kahler mefric on X x G/P plays an imporfanf role in fhe Hermite-Einstein equa¬ 
tion for the equivariant holomorphic filtration. In ^.2.2 we define nafural gauge equations for quive r 
bundles, which acfually make sense for any quiver, nol necessarily associated fo aEie group P [ AG2 ]. 

The main resulf is fhen slated in Theorem [4.13, which is proved in §4.2.4 after some preliminaries 


abouf connecfions on homogeneous bundles, which are covered in §|4.2.3 


4.2.1. Invariant Kahler structures onK/ J. The following lemma, which we adapt to the notation 
used throughout this paper, is standard and can be found e.g. in |^]. Eet k(-, •) be the Killing form 
on 0 , given by ^(e, e') = tr(ad(e) o ad(e')), e, e' e g. Eet 5 be a system of simple roots of g with 
respect to f), such that all the negative roots of g are roots of p, and let S be the set of non-parabolic 
simple roots, defined as in § |1.5.1| . Eurther, let t be as in § p.4.1| . Eor each a G 5, let ha be dual 
to the co-root = 2alK{a,a) w.r.t. the Killing form (so {ha\oi G 5} is a basis of 1)). Thus, 
{^ha\ a G 5} is a basis of t, and —k(-, •) restricted to t is an inner product. 

Lemma 4.8. There is a bijection between the set of K-invariant Kahler forms on Kj J compatible 
with the canonical complex structure and the set of collections of positive numbers indexed by S. 
The bijection associates to a collection e of positive numbers £a> for a G S, the unique K-invariant 
Kahler form whose value at the base point o = J € K/J of K/J is the J-invariant 2-form 
<^oe £ A^r* given by 

(4.9) UJoe{x, x') = -K{t, [x, x']) 

for x,x' G r. Here t G t is given in terms of e by —K{t, \/—l ha) = £a for a G S, and 
— K{t, a/^/Iq,) = Ofor a G 5 \ S. 


Proof It is well known (see e.g. pel . Proposition 8.83]) that the set of PT-invariant Kahler forms on 
K/J compatible with the canonical complex structure is in bijection with the set of vectors t G t 
such that s/—l ha) > 0 for the vectors s/—l ha spanning the center 3 = ha of 

j, and Ac(f, sf—l ha) = 0 for the vectors V—l ha in the semisimple part [j, j] of j. In other words, 
the set of PT-invariant Kahler forms on PT/ J, compatible with the canonical complex structure, are in 
one-to-one correspondence with the set of vectors e G M^. Eormula (4.9) follows for instance from 


Proposition 8.83]; actually, the stabiliser of the vector t for the adjoint action of X on t is J, so 
the adjoint orbit P' • f is isomorphic to K/J, and by identifying t with t* by means of the Killing 
form, Woe, as given by (^), transforms into be the well-known Kirillov-Kostant symplectic form on 
the coadjoint orbits. □ 


4.2.2. Statement of the main result. Eet S and S be defined as in 1.5.1 , and l et A_|_(r) be the set of 
positive roots of g with respect to 1) and S which are not roots of 1 (cf. § |3.4.l| ). Eet {Ao,|a G 5} be 
the basis of fundamental weights of 1)*, i.e. it is the dual basis of {/ia|a G 5} given in §i 31 . Eet e 
be a collection of positive real numbers £0,, for a G S. 

Eet T and r' be a collection of real parameters tx and for each A G Qo^ related to e by 


Tx = nxTx - nx 


E - 

aSA+fr) 


.-1 


k(A, a'' 


for A G Qo, 


(4.10) 
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where nx = dime Mx, and Sq, is defined, for a 0 E, by 
(4.11) £a :='^Si3K{Xis,a^). 

peY: 


Remark 4.12. The numbers Cq, in ( [4.1 1 ) do not depend on the choice of k, i.e. any [-invariant metric 
K on [ gives the same Actua lly, if we multiply the Killing form k by a positive constant c > 0, then 
we obtain the same £„ in (H-.llI ) (for k i—> ck gives i—> and clearly this transformation can 

be made separately for the factors of the Killing form corresponding to the different simple factors of 


Theorem 4.13. Let T be a G-equivariant holomorphic vector bundle on X x G/P. Let J- be 
the G-equivariant holomorphic filtration associated to T and TZ = {£,cj)) be its corresponding 
holomorphic {Q, fC)-bundle on X, where {Q,IC) is the quiver with relations associated to P. Then 
J- has a K-invariant r-Hermite—Einstein metric, with respect to the Kdhlerform p*uj + if and 
only if the vector bundles Ex in TZ admit hermitian metrics kx on Ex, far each X € Qq with Ex 0, 
satisfying 

(4.14) nxJXFk^ + ^ faofl- ^ fa = Tx id^:^, 

where Fky is the curvature of the Chern connection associated to the metric kx on the holomor¬ 
phic vector bundle Ex, far each X € Qq with Ex 0, and nx = dimc(M>,) is the multiplicity of the 
irreducible representation Mx, for each X £ Qo- 

To prove this theorem, we need some preliminaries about connections on irreducible homogeneous 
vector bundles. 


4.2.3. Hermite-Einstein connections on irreducible homogeneous vector bundles. In this subsec¬ 
tion we evaluate the slope pfaOx) of any irreducible homogeneous vector bundle, with respect to the 


invariant Kahler form tUe defined in Lemma [4.8|. To do this, we reprove a well-known fact that these 


bundles are Hermite-Einstein (a result originally due to Kobayashi [|Ko|]), hence stable (as originally 
proved by Ramanan [Rs]; see also Umemura [Q). Let be the AT-invariant connection induced 
by the connection one-form A' on Hx (cf. § 3.2.1 ,(ii, § |3.4.4i ), which is unitary with respect to the 
unique (up to a constant) iT-invariant hermitian metric A:^ on Hx- Let End(LfA) ^a) vector 

bundle of anti-hermitian endomorphisms of {Hx, k'fa. Contraction with the Kahler form uje (cf. §1.8) 
is denoted by A^. 


Lemma 4.15. The connection A'^ is the unique K-invariant connection on Hx- It defines the unique 
G-invariant holomorphic structure Bh^ on Hx, and it is unitary with respect to the unique (up to 
scale) K-invariant hermitian metric k'^ on Hx- Moreover, A'^ is Hermite-Einstein with respect to the 
Kdhlerform (i-e- \/—l A^Fy^/^ = pfaOx) id), and the slope of Ox with respect to the Kdhlerform 
LOe is 

(4.16) Pe{Ox) = ^ £~^K{X,a^)- 

aeA+{X) 

Here, is defined by (|4.11|)/or a 0 S. 


Proof- By construction, A'^ is AT-invariant and unitary. Its curvature n^d^E]2d(LfA) ^a)) 

given, in terms of the isomorphic element e G^’^{End{Mx),k'fa,hy F';,^{x,x') = -px{A'{[x,x'])), 

where px ■ K ^ U{Mx) is the unitary representation associated to the dominant integral weight 
A. Thus, A'y^ defines a holomorphic structure on Hx- It is easy to see that A'y^ is the only K- 
invariant connection on Hx, because any other would be + 6 with 9 G Ll\f(End{Hx))^ = 

and tc = u © u). Analogously one proves 


(r£ © End(MA))‘' = Aaa + = 0 (cf. §3.7 
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that is the only G-invariant (9-operator on H\. Since and are both /C-equivariant, 
is iC-equivariant as well, so by Schur’s lemma, ^J—1 = ^£.(C>>.)id for some 

constant ix^{Ox), which of course is the slope of Hx w.r.t. uj^. To evaluate iXe{Ox), first 

we compute (the complexification of) ujoe £ A^tc- For every root a of 0 , let Cq be the correspond¬ 
ing Chevalley generator, and for each pair of roots a, j3, let G Z be the coefficients defined 
by the commutation relations [ea-,ep\ = NapCa+p if a -|- /? is a root as well, and Nap = 0 oth¬ 
erwise. Note that eZ = —e-a for a G A 4 .(r). Let a, (5 be two roots of tc = u © u; if o; / /?, 
then ujoei^aiFp) = —K{t, —Na^-pBa-p) = 0 sincc the center 3 of j is orthogonal to Ca-p, while 
if q: = /3, then [e^, e-o\ = implies = —K(f, ha)- To evaluate this number, first we 

expand = Yhp&s and take into account that — ^/^[t) = —n{t, \f^hp) for 

any root (3, and that this is if /3 G S and zero if /3 G 5 \ S. Thus, 

^(y.) — V—1 {t) = Kia\Xp)P^it) = K{a^ ,Xp)£p = Sa, 

P£S / 3 es 

where £„ is as given in ( |4.11| ) for o; ^ S. Therefore 

(4.17) uJoe = V^ ^ 5 a;ae“Ae/^ with := 

aGA+(r) 

If a G A 4 .(r) then [ca,^] = —[e^, e-a] = —ha G f) C 1 so F'(eo,^) = A'{ha) = ha- Therefore, 
contraction of iOoe with F' G C^’^ip) is 

^/^KeF'= Y. 9"~^F'{ea,-p)= Y 

aGA+(r) aGA+(r) 


SO 


^fFiKoeFx = px{V^KeF') = E«eA+(r)^aVA((ia)- Since x/^hoeF'x is j-invariant and 
XIx is irreducible, \/^ ^Oe-Fa ~ some number cx which can be computed by evaluating 

px{ha) at a highest weight vector of Mx'- p\{ha)v^ = X{ha)v^ , where X{ha) = K{X,a'^)- 


Thus, x/FlAoeF[ = (EaGA+(r) «^)) which implies ( |4.16| ). 


□ 


4.2.4. Proof of Theorem |4.13[ , The smooth vector bundle F underlying T has a iT- equivariant de¬ 
composition (^^). Let Q' be the subquiver of Q defined as in §^. Proposifion ^ defermines fhe 
9-operafor dp associafed fo fhe holomorphic sfrucfure on F in ferms of fhe (9-operafors associ- 

(i) 

afed fo fhe holomorphic sfrucfures on £x^ for £ Qo’ maps (py^. Any iT-invarianf hermifian 


mefric on F has a iT-invarianf orfhogonal decomposifion k = (Bxkx, where fhe sum is over A G Qq, 

kx ■= P*kx © Q*kx is a AT-invarianf mefric on Fx, kx is a mefric on Ex, and k'^ is defined as in §E111 
Lef A (resp. Ax) be fhe Chern connecfion associafed fo such a iF-invarianf hermifian mefric k (resp. 
kx) on fhe holomorphic vector bundle T (resp. £x)- From (|3.5[), 


Qa = 


AgCJq 


O tta + 


E E 

A,/lGQq ^—1 




dA=Y 




o tta 




Ai)* 


AgCJa 


A,AieQ(, i=i 


Therefore Fa = F^^ = Oa o Oa + Oa o Oa is given by 


Fa = Y^Ax°^^^Y 1 °T^ta + Y ^Ai (f^a) ° T^ha 

X a a 

- E E©?’ ^ /»S) ° "fA - E Ef'^lS ^ AC •) ° ’'A- 

A,Z2,/i ij ij 


Here Aa (resp. A*) is fhe connecfion induced by Ata and A^a on fhe bundle Hom(Ft(j, F^a) (resp. 
]iom{Fha, Fta))- Lef Aa and A'a (resp. A* and A'^ be fhe connections induced by Ata, Aha on 













32 


LUIS ALVAREZ-CONSUL AND OSCAR GARCfA-^PRADA 


Hom(Sta, Eha) and by on Rom{Hta, Hha) (resp. on B.om{Eha, Eta) and Rom{E{Hha, Hta)), 

respectively. To evaluate \/^ AEa in (|4.18D, we need: 


(i) ^ P* ® Q* id +p* id <Siq* ’ 

(ii) = xf®lk{p*dAMa) ® q*Pa+P*4>a ® q*dA'^iVa))', 


(iii) = V^AipWAiiBl) ® q*V*a ® q*dA>t{rii)y, 

(iv) V^A(/3“* A /3«) = o ^>^1) ® 9* A ,S); 


(V) x/=TA(/jg A /3lf) = ° 0£*) ® 9- %/=TA,(p« A 9®-). 


The expression (i) is given by lemma |4d^ : xj—1 A^Ea'^ = PeiOx) id. Let us prove that (ii) is zero. 

First, V—l ^{p*dAa{4>a) ® q*Pa is zero because the direct sum T(X x K/ J) = p*TX © q*T{K/J) 
is orthogonal with respect to the metric associated to the Kahler form p*io + q*iOe- To see that the 
second term is zero, we note that x/—l AdA'^iVa) corresponds to x/—lAoeda by Lemma 3.14 , and 
( |4.17[ ) gives 


xj T Aa^dct — ^ ^ 


--1 


(<9o)(eo 


aGA+(r) 


Let X = ta and p = ha, so da is in B^\ = C'°’^(Hom(M;^, which is a subspace of © 

Hom(M;^, M^) and this space is injected in © Hom(M;^, M^) by the monomorphism induced 
by the projection 6 = j©r^6 /j =r. Therefore, da is zero in j, so {da){ea,'Ex) = —da{ea, &-a) = 
a{[ea, e-o]) = a{ha) = 0. Thus, (ii) is zero. Similarly, (iii) is zero. To evaluate (iv) (and (v)), we 
note that uj^ is Ff-invariant and A is iT-invariant, so x/^ A is Ff-invariant as 

well. By Schur’s lemma, it is zero if A / /r. If A = ^, we choose the basis = 1, • • •, n^x} 

of Axy which is orthonormal with respect to the metric induced by the hermitian metric associated to 
ujoe and the canonical complex structure, and by the J-invariant hermitian metrics k'^y on Mx and 

Aly, i.e. they are normalised so that a/^Aoe A a[,*|) = Jd (so xj^®i Ao£ti{a!)il A a^H*) = 

—(5^). By Schur’s lemma 


x/^Aoeia 


U)* A Ad 


u\ 


A a 


uX' 


= idMA 
nx 




A a 


\v ) 


= -idMA 

nx 


(since nx = dimc(MA)). Therefore (iv) and (v) are given by 


x/^A,{p[y> A = —6xt.A^ id, A tiS*) = -—SxtxA^ id. 

nx nx 

Combining (4.18) and the results for (i)-(v), we can evaluate xJ—1 AFa- 


Aj)*x _ 1 




x/^AFa = X] V^Fax + heiPx) id^:^- EE 




/T I 


/.(O* J.(^) 


1 


+“ Y ° j ® j ° ^A- 


The relation between tx and given in ( 4.1C ) is = nx{Tx — Ps{Ox)), due to ( 4.16 ). The theorem 
is now straightforward. □ 
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4.3. Dimensional reduction and stability. In this subsection we introduce a notion of stability for 
quiver sheaves on X and prove that this is precisely the stability criteria which appears by dimensional 
reduction for G-invariant stability of G-equivariant sheaf filtrations, by the correspondences in We 
also compute the relations among the stability parameters for the equivariant filtration and the quiver 
sheaf, and the way that the -invariant Kahler form on K/ J enters in these relations. 


4.3.1. Stability for quiver bundles. Let Q be the quiver associated to P, and let r be collections of 
real numbers tx, for each A G Qo- Let TZ = {£, cj)) be a Q-sheaf on X. Let nx = dimc(MA), for 
each A G Qq. 


Definition 4.19. The r-degree and r-slope ofTZ are 

deg^ilV) = ^ (nAdeg(£:A) - Txrk{£x)) , dA'R-) = 

AgQo 

respectively. The Q-sheaf TZ is called T-(semi)stable if for all proper Q-subsheaves TZ' of TZ, 
Pt{TZ') < {<)Pt(T^)- a T-polystable Q-sheaf is a direct sum of t- stable Q-sheaves, all of them 
with the same T-slope. 


EAeQo ’ 


Remark 4.20. If K, is the set of relations of Q and 7?. is a (Q, /C)-sheaf, then all its Q-subsheaves are 
(Q, /C)-sheaves, so the r-(semi)stability criteria does not depend on /C. 


Theorem 4.21. Let P be a G-equivariant sheaf on X x G/P. Let P be its associated G-equivariant 
sheaf filtration, and TZ = {£, (jf) be its corresponding (Q, lC)-sheaf on X, where (Q, /C) is the quiver 
with relations associated to P. Let Qq = {Aq, • • •, Am} be the set of vertices A G Qo such that 
£x 7 ^ 0, listed in ascending order Aq < • • • < Am- Let e be a collection of positive real numbers 
Ea, for each a G S, and let Ea be defined, for a G A+(r) \ S, by ([1.11| ). Let a = (cjo,..., cim-i) 
with as > Ofor each 0 < s < m — 1, and let r}, for each A G Qq, be given by 

s—l 

( 4 - 22 ) tA = nx, as' - nx, Y 

s'=o aeA+(r) 

forO < s < m — 1, where nx = dimc(MA). Then P is G-invariantly cr-(semi)stable with respect to 
the Kahler form p*uj q*U}s if and only ifTZ is t' -(semi)stable. 


Proof To simplify the notation, let us denote as by ax when A 
write ( [ 1 . 22 ) as 


(4.23) 


nx 


'y ^ he{Clx)i 

At<A 


Xs G Qq. Using (4.16), we can 


for all A G Qq. Let now P', given by (^^), be a G-invariant sheaf subfiltration of P, and let 
TZ' = (£', cf)') be the corresponding (Q, /C)-subsheaf of TZ. Then 


m —1 

Y ® AO A = YY 1 

s=0 A fL<X A fL<\ 

= -EE axn^ Tk{£'A + EE axn^ rk{£'A 

A /i>A A U 
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since Tk{0\) = nx (sums are only over A, /U in Qq), while 

deg(J^') = deg{p*Sx ® q*Ox) = Y deg(£:^) + vk{8'x) deg^(C>A)) 

A A 

= Y (™A deg(£:A) + nxPe(Ox) rk(£:A)) 

A 

rk(^') = ^rk(p*£:; ® q*Ox) = Y^>^M£'x)- 


and 


Therefore 




deg^{J^') = deg(£:;) - X] “ f^e{Ox) M^x) + 

A \ \At<A / / V A > 

= Y (^A deg(£:;) - t'x rk(£:^)) + ( X] ^a | (Y^^ | , 


Y^x rk(<fA) 


so 


■ Ea »a rk(«l) - f*-' (^ > + E 


and we are done. 


□ 


4.4. A Hitchin-Kobayashi correspondence for quiver bundles. Combinining Theorems pT/, 4.13 
and 4.21 , we obtain as a corollary a Hitchin-Kobayashi correspondence for the quiver bundles that 
arise from dimensional reduction. More precisely. 

Theorem 4.24. Let {Q,JC) be the quiver with relations associated to P. Let TL = {€,cf)) be a 
holomorphic (Q, lC)-bundle on X corresponding to a G-equivariant holomorphic vector bundle on 
X X G/P. Let t' be a collection of real numbers for each A G Qq. Then the vector bundles £x 
in IZ. admit hermitian metrics kx on £x> for each A G Qo with £x 7^ 0, satisfying 


(4.25) V^nxAFk^+ Y ^ 

a£h~^{X) 

if and only if TZ = {£,<{)) is t' -polystable. 


'Y ^ j 4 >a° — T'x idf;,^, 

(A) 


Proof. First, by Theorem 4.13 , the bundles £x have hermitian metrics satisfying (|4.25 ) if and only if 
the corresponding G-equivariant holomorphic filtration Ton XxG/P has a G-i nvariant r-Hermite- 
Einstein metric, where r is a collection of parameters tx related to t' by ( 14.10| ), or equivalently, by 


(4.26) 


— =Tx- Pe{Ox)- 

nx 


Similarly, by Theorem [4.21 , the quiver bundle TZ is r'-stable if and only if IF is G-invariantly cr- 
stable, where cr = (o-q, ... ,am-i) is related to r' by ( 4.22D , or equivalently, by ( 4.23 ) (we are 
using the notation of the proof of Theorem 4.21). By Theorem [1.7[ we only have to check that 
as = Ts+i — Tg. But this follows from the previous two equations (4.26) and ([1.23): 


a. = 


Y 

li<Xs+i A‘<A, 


a,. = 


‘Xs + l 


nx. 


S + l 


+ p,e{Oxs+i) ( „ 4“ Te{Oxs) ) — Es+I Tg. 


nxs 


□ 
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Remark 4.27, It is clear that equations ( 14.25 ) make also sense for a {Q, /C)-bundle, where {Q, /C) is 
not necessarily associated to a parabolic group P. Moreover, the n\ appearing in the equations could 
actually be arbitrary positive numbers. All these generalizations, not related a priori to dimensional 
reduction, had been carried out in [ AG2|. 


5. Examples of dimensional reduction 


In §§ 1.6.2 and 1.6.3 we described explicitly the quiver when G/P is (P^)^ or P^. We now apply 
Theorem 1-.13 to obtain, in these examples, the dimensional reduction of the deformed r-Hermite- 
Einstein equation, for an equivariant holomorphic filtration P', on X x G/P, i.e. we evaluate the 
multiplicities n\ and the stability parameters r', appearing in the quiver vortex equations, in terms of 
r and the parameters e parametrising the invariant Kahler form on G/P. In particular, we shall 
recover the vortex equations corresponding to holomorphic triples [ ]G^ , |BG[ ] and to their generaliza¬ 
tions, the holomophic chains [ AGl], which are obtained by dimensional reduction when G/P = F^. 


5.1. Dimensional reduction for P^. We begin with G/P = P^. The dimensional reduction of the 
r-Hermite-Einstein equation for an equivariant holomorphic filtration on 26 x P^ gives 

^/^ n^AFk, + 4^) o + 4^^ o 4’^x^* - ° /^x^ - ° 4>^x^ = t'x id, for x E Qo, 


where we are using the notation in §|1.6.3[, and 

_. ,(2) ,(i) AD _ 


:= (j)a, for a = at E Qi and z = 1,2. The 


relations give o o for x E Qq. The multiplicities can be found e.g. in 


(15.17)]: nx ■= dim.£{Mx) = 1 + Ai — A 2 , or using the notation of §|1.6.3 


(5.1) 


ria; :=1 + -(xi - X 2 ) 


(they take all possible positive integer values, since (xi — X 2)/3 = Ai — A 2 > 0). Note that any 

arrow : x ^ y decreases Uy = ax — 1, for (?/i, ^ 2 ) = (xi, X 2 + 3) (resp. : x ^ y increases 
% = <Ta; + l, for (yi,y 2 ) = (xi + 3 ,X 2 )). There is only one non-parabolic simple root, i.e. S = { 02 } 
(cf. §1.6.3), so the family of invariant Kahler forms uj^ on P^ only depends on a positive real number 


e > 0 (with the notation of Eemma this is £ 02 )- According to Theorem |4.13| , t' is given by 
~ ^a(ta + p-e{ 0 \)), where ^^{Ox) is given by E emm a |4.15| . To evaluate p^{Ox), we take into 
accou nt that A+(r) = {— 71 , — 72 } (cf. § |4.2.2| ), so ( |4.1l|) gives Sk := £ 7 ^, = £k(Aq 2 , “7fc), and 
( |4.16[ ) gives 


i^e{Ox) = ^ ^ 


i^{K-lk) 


= £ 


-1 


E 


k(A,-7A:) 


k=l ^ «(Aa2,-7fc)' 

The Killing form is a multiple of k(A, A') = AjA- - 5 YA,j=i A*for A = XiLi 

A' = (cf. e.g. (15.2)]). Now, = Lk - T 3 and A „2 = -L 3 , so 

Ai-I-A 2 X 1 -I-X 2 


(5.2) 


i^eiOx) = 


Thus, the r'-parameters are related to the r-parameters appearing in the r-Hermite-Einstein equation 
for equivariant holomorphic filtrations by 


Tx = nx{Tx + fJ-eiOx)) = (^1 + “ ^ 2 )^ 


TX - (Xl -h X 2 ) 


for X E Qo- 





































36 


LUIS ALVAREZ-CONSUL AND OSCAR GARCfA-^PRADA 


5.2. Dimensional reduction for (P^)^. Let us now consider GjP = (P^)^. We make use of 
the results and notation of § 1.6.2| . The Levi subgroup L = (C*)^ is abelian, so its irreducible 
representations are one-dimensional, i.e. n\ := dimc(M;,) = 1, for A e Qo- Thus, the dimensional 
reduction of the r-Hermite-Einstein equation for an equivariant holomorphic filtration on x (P^)^ 
gives 


(5.3) 


N 

AFk^ + 2Li ° '^A^ ° = "^A idf;,, for A E Qo- 

i=l 




di) 


N 


id 

A 


dd - 


2=1 


The relations lead to ° ~ '^a- 2 L ° '^A^- positive roots a* = 2Lj, 1 < f < A^, 

are simple, so the invariant Kahler form uje on (P^)^ depends on N parameters Cj > 0, 1 < z < A^. 
Since the e-slope of Ox is di/si, for A = diLi E Qo, ( |4.10| ) and ( |4.22D give 

s-l N . 

(5.4) Tx = tx-Y/~^ = X] “ X] ^ ^ 0 < s < m. 


^ A- 

Ef- 

• 1 
2=1 


^ CT.q' 

S=0 2=1 


Here Ao < Ai < • • • < Am are the weights appearing in the filtration ( |2.7[ ) with components Xg^i E Z 

given by A^ = ds,iLi. The arrow takes A^ into A^ — 2Lj, so if T is indecomposable, 

then necessarily As+i,i — Xs^i = 2 for some 1 < z < A^. In particular, we can apply the preceding 
discussion to the complex projective line GjP = P^: the quiver has two connected components 
q(^), for /z = 0,1, each one isomorphic to the quiver with vertex set Z (the weight of z E Z being 
A = 2z -|- K), and arrows Oj : z —> z — 1, for z E Z. The process of dimensional reduction for 
any equi variant bundle on x P^ was already studied in [ AGl ]. Each indecomposable holomorphic 
quiver bundle on X is given by a sequence of weights Aq, Ai, ..., Am E Qq^^ with A^ —Aj-i = 2, and 
by a sequence of morphisms di '■ ^ £i-i among holomorphic vector bundles Eq, , Em, where 

Ei corresponds to the weight Aj. Such a quiver bundle, or holomorphic chain [ AGl |, C = {£, cj)), is 
specified by a diagram 

/c c\ . Q Q 0m—1 01 ^ 

fJ-Jf V' • ^ 1 ^ ^ “^O- 

(A sheaf chain is analogously defined, by using coherenf sheaves insfead of holomorphic bundles 
(see [ AGl ] for more defails).) By making a franslafion A i—> A — Aq, we can always assume fhaf fhe 
weighfs are A, = 2z, for 0 < z < m. The equivarianf holomorphic filfrafion on x P^ corresponding 
fo C, by Theorem ^ and Proposifion is given by 

T : d ^ pQ ^ Pi ^ ^ Pm = P, 

PilPi-i=p*Ei®q*0{2i), 0 < i < m. 

Translating A i—> A — Aq corres ponds fo fwisfing Phy q*C)(—A q). The quiver vortex equations, or 
chain T-vortex equations [ AG1 [, for mefrics ki on fhe bundles Ei, are (cf. (^^) 

y/^AFkQ +4>io4>l=To id£-o, 

\/^AFfc. -h fi+i o (pYi - dq o fi = Ti\d£^, (1 < z < m - 1), 

- (t)mO(f)m = Tm id£„ . 

The story for sfabilify follows similarly: a coherenf sheaf chain C is t'-( semi)stable if for all proper 
sheaf subchains C' C,Pt'{C') < {<) p-rdC), where p-rdC) = degT-/(C)/^™Q rk(fj), degT-/(C) = 
Yi^o deg{Ei) — YILq The relation among <t, r, t' is given by ( p^ for N = 1. Thus, if 


fhe vertices of C are Aj = 2z, for 0 < z < 2 m, fhen ri = ti — pe{0\) = n — 


2i 


(Ti = T: 


-r' + 


Thes e re s ulfs were already obfained in [ [AG IQ when e = 1. The case m = 1 has been deeply sfudied in 
[pl,|G2, BG]; fhen fhe sheaf filfrafion (^) is jusf an invarianf extension of equivarianf holomorphic 
vecfor bundles on x P^, 


P*£o 


P 


p*Ei ® q*0{2) 


0 , 


0 
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and the holomorphic chain (5.5) is a triple (cf. [BG]), i.e. a representation cj) ■. £i ^ £q of the quiver 
• ^ Assume now that do = 0, i.e. tq = ti. Then the r-Hermite-Einstein equation ( |4.3| ), for a 
holomorphic filtration is the usual Hermite-Einstein equation for T, and the cr-stability condition 
is the usual Mumford-Takemoto stability condition for a (torsion free) coherent sheaf on X x Pi. So 
the parameter e, which was encoded in the invariant Kahler form p*oj + q*^^, allows us to get the 
moduli space of (tq, r{)-stable triples on X as the set of fixed points of the moduli space of stable 
sheaves on X x P^, under the induced action of 5L(2,C). The constraint in Remark f.20 (c) is 
deg(<5o) + deg(<5i) = Tq rk(<5o) + t[ rk(<5i). Thus, the relation Tq — = 2/e, among Tq, t[, and e, 

turns out to be 

2 _ rk(£:o) + rk(£:i)To - (deg(go) + deg(£:i)) 

e rk(£^i) ’ 

which is precisely as in |G2]. It provides the value of e in terms of the stability parameter Tq. Thus, 
the mechanism of dimensional reduction, when applied to the well-known Hitchin-Kobayashi corre¬ 
spondence for the usual Hermite-Einstein equation, proved by Donaldson, Uhlenbeck and Yau, for 
equivariant bundles on Y x P^, gives a Hitchin-Kobayashi correspondence for the coupled vortex 
equations for holomorphic triples (cf. [^]). However, when m > 1 in ( |5.5| ), the parameter e, en¬ 
coded in the polarisation is not enough to obtain a Hitchin-Kobayashi correspondence for the 
chain r'-vortex equations by dimensional reduction of the usual Hermite-Einstein equation —we 
need the deformed r-Hermite-Einstein equation (p3|). Of course, the same occurs for other flag 
varieties. 
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